ON THE FREE BOUNDARY PROBLEM OF THREE-DIMENSIONAL 
COMPRESSIBLE EULER EQUATIONS IN PHYSICAL VACUUM 



CHENGCHUN HAO 



ABSTRACT. In this paper, we establish a priori estimates for the three-dimensional compressible 
Euler equations with moving physical vacuum boundary, the y-gas law equation of state for 7=2 
and the general initial density po £ H 6 (Q.). Because of the degeneracy of the initial density, 
we investigate the estimates of the horizontal spatial and time derivatives and then obtain the 
estimates of the normal or full derivatives through the elliptic-type estimates. We derive a mixed 
[ space-time interpolation inequality which play a vital role in our energy estimates. The results 

improve the known results (Comm. Math. Phys. 296 (2010) 559-587) on a priori estimates for 
the case 7=2. 
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Q(o) = n,ri(o) = r!, (i.i g ) 

where p denotes the density, the vector field u = [u\ , u 2 , u 3 ) G M 3 denotes the Eulerian velocity 
field, and p denotes the pressure function. V = (d\, d 2l ^3) and div are the usual gradient opera- 
tor and spatial divergence where <9,- = d / dxj. The open, bounded domain Q,(t) C IR 3 denotes the 
changing volume occupied by the fluid, T\ (t) := dQ.(t) denotes the moving vacuum boundary, 
y(Ti(t)) denotes the normal velocity of Ti(t), ,JV denotes the outward unit normal vector to 
the boundary T\ (t), and Tq is a fixed boundary. The equation of the pressure p{p) is given by 

p(x,t)=C r p 7 (x,t), (1.2) 

where 7 is the adiabatic index and we will only consider the case 7 = 2 in this paper; C r is the 
adiabatic constant which we set to unity, i.e., C r = 1; and 

p>0 inQ(0 and p=0onri(f). (1.3) 

Equation ( |l.la[ ) is the conservation of mass, ( |l.lb[ ) is the conservation of momentum. The 
boundary condition ( |l.lcD states that pressure (and hence density) vanishes along the vacuum 
boundary, ( |l.ld[ ) describes that the normal component of the velocity vanishes on the fixed 
boundary rp, fll.lep indicates that the vacuum boundary is moving with the normal component 
of the fluid velocity, ( |l.lf| ) and fll.lgj ) are the initial conditions for the density, velocity, domain 
and boundary. 

To avoid the use of local coordinate charts necessary for arbitrary geometries, for simplicity, 
we assume that the initial domain Q. C M? at time t = is given by 

a = {(x h x 2 ,x 3 ) G M 3 : (x h x 2 ) G T 2 , xt, G (0, 1)} , 

where T 2 denotes the 2-torus, which can be thought of as the unit square with periodic boundary 
conditions. This permits the use of one global Cartesian coordinate system. At t = 0, the 
reference vacuum boundary is the top boundary 

H = {(x h x 2 ,x 3 ) G M 3 : (*i,x 2 ) e T 2 , x 3 = 1}, 
while the bottom boundary 

To = {(xi,x 2 ,x 3 ) G M? : (x u x 2 ) G T 2 , x 3 = 0} 

is fixed with the boundary condition ( |l.ld[ ). 

We set the unit normal vectors N = (0,0, 1) on Ti and Af = (0,0, — 1) on Tq. We use the 
standard basis onR 3 : e\ = (1,0,0), e 2 = (0, 1,0) and e 3 = (0,0, 1). Similarly, the unit tangent 
vectors on T = Tq U Ti are given by 

7i = (1,0,0) and T 2 = (0,1,0). 

Throughout the paper, we will use Einstein's summation convention. The k th -partial deriva- 
tive of F will be denoted by = jrj- Then we have 

(div(pM(g)i<)) ; =(pu l ui) ■ = div (pu)u-* + pu -Vm 7 , 
which yields that fll.lbp can be rewritten, in view of ( |l.la| ), as 

p(d t u + u-Vu)+ 1 Vp = 0. 
Thus, the system fll.ip can be rewritten as 

^p+div(p M )=0 inft(0 x (0,T], (1.4a) 

p(d t u + u-Vu)+Vp = inft(0x(0,r], (1.4b) 

p = onTi(?) x (0,r], (1.4c) 

u 3 = onr x(0,r], (1.4d) 
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d t T l (t)=u-^r in(0,r], (1.4e) 

(p,u) = (p ,u ) in C2x {? = ()}, (1.4f) 

si(o) = a,r l (o)=r l . (i.4 g ) 



With the sound speed given by c := y^dp/dp and N denoting the outward unit normal to F\, 
the satisfaction of the condition 

dN 

in a small neighborhood of the boundary defines a physical vacuum boundary (cf. Jl2|]), where 
Co = c\ t= o denotes the initial sound speed of the gas. In other words, the pressure accelerates the 
boundary in the normal direction. The physical vacuum condition ( |L~5[ ) for 7 = 2 is equivalent 
to the requirement 

|^<0 onlY (1.6) 

Since po > in Q., Q1.6Q implies that for some positive constant C and x E Q. near the vacuum 
boundary T\, 

p (x) ^Cdist^n), (1.7) 

where dist (x, T\) denotes the distance of x away from IY 

The moving boundary is characteristic because of the evolution law Ql.lep , and the system 
of conservation laws is degenerate because of the appearance of the density function as a co- 
efficient in the nonlinear wave equation which governs the dynamics of the divergence of the 
velocity of the gas. In turn, weighted estimates show that this wave equation indeed loses 
derivatives with respect to the uniformly hyperbolic non-degenerate case of a compressible liq- 
uid, wherein the density takes the value of a strictly positive constant on the moving boundary 
The condition fll.7p violates the uniform Kreiss-Lopatinskii condition ^ because of reso- 
nant wave speeds at the vacuum boundary for the linearized problem. The methods developed 
for symmetric hyperbolic conservation laws would be extremely difficult to implement for this 
problem, wherein the degeneracy of the vacuum creates further difficulties for the linearized 
estimates. 

Now, we transform the system ( |L4| ) in terms of Lagrangian variables. Let f](x,t) denote the 
"position" of the gas particle x at time t. Thus, 

d t r] = uori for?>0, and r](x,0)=x, (1.8) 

where o denotes the composition, i.e., (uor))(x,t) := u(r](x,t) y t). 
We let 

v = «oij, / = poT], A = (Vr7) _1 , 7 = detV7], a = JA, 
where A is the inverse of the deformation tensor 

/V,i 

vi? = {n\j) = W,i 

J is the Jacobian determinant and a is the classical adjoint of Vt], i.e., the transpose of the 
cof actor matrix of V77, explicitly, 

T? 2 ,3 T ? 3 ,l - T? 2 ,! r 7 3 ,3 l\ll 3 ,3 -l\3l 3 ,l T ? 1 ,3 r ? 2 ,l -r ?\l r ? 2 ,3 | • 0-9) 
v 7 ? 2 ,! 7 ? 3 ,2 -T? 2 ,2^7 3 ,l ? 7 1 ,2 7 7 3 ,1 _7 7 1 ,1 7 7 3 ,2 ^ 1 ) 1^ 2 ,2-^ 1 ,2^ 2 ,1, 
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Since on the fixed boundary Tq, 7] j = xj, = so that according to (|1.9|), the components 
' = a\ = on Tq, and V3 = on Tq due to v- (0,0, — 1) =0 where (0,0, —1) is the outward unit 



normal vector to Tq, then the Lagrangian version of ( |1 .4[ ) can be written in the fixed reference 
domain a as 



./;-./>V/r'., 

rt+Mfj <) 

/ = o 



«2 



(p,v,tj; 



0, v 3 = 
= (Po,«o,e) 



in (o,r], 

in (0,T], 
on Ti x (0, T], 
onr x (0,T], 
in ax {t = 0}, 



where e(x) = x denotes the identity map on a. 

From the derivative formula of determinants, we have 



Jt =JAv 



V ■ 

/ v ,J 



jj 



a,v 



I >J ' 



It follows from ( |LT0aT ) and ( PD that 

f t + fJ- l J t =0, ord t (fJ) 



0, i.e., / = p J 



-1 



(1.10a) 
(1.10b) 
(1.10c) 

(l.lOd) 
(l.lOe) 



(1.11) 



(1.12) 



thus, the initial density function po can be viewed as a parameter in compressible Euler equa- 
tions. 

Using the identity A\ = J~ l af, we write ( |1.10[ ) as 



povl + ajipp- 2 ). =0 
Po = 

= «2 = 5 v 3 = 

(V,TJ) = (« ,^) 



in ax (0,T], 
onTi, 

onr x (o,r], 

in ax {t = 0}, 



(1.13a) 
(1.13b) 
(1.13c) 
(1.13d) 



with po(x) ^ Cdist(x,Ti) for x £ Q. near Ti. 

To understand the behavior of vacuum states is an important problem in gas and fluid dy- 
namics. In particular, the physical vacuum, in which the boundary moves with a nontrivial 
finite normal acceleration, naturally arises in the study of the motion of gaseous stars or shal- 
low water pSp . Despite its importance, there are only few mathematical results available near 
vacuum. The main difficulty lies in the fact that the physical systems become degenerate along 
the vacuum boundary. The existence and uniqueness for the three-dimensional compressible 
Euler equations modeling a liquid rather than a gas was established in JTT| ] where the density 
is positive on the vacuum boundary. Trakhinin provided an alternative proof for the existence 
of a compressible liquid, employing a solution strategy based on symmetric hyperbolic systems 
combined with the Nash-Moser iteration in [p4[]. 

The local existence for the physical vacuum singularity can be found in the recent papers 
by Jang and Masmoudi [0, ||] and by Coutand and Shkoller [|5|, |6|] for the one-dimensional 
and three-dimensional compressible gases. Coutand, Lindblad and Shkoller [JJ] established a 
priori estimates based on time differentiated energy estimates and elliptic estimates for normal 
derivatives for 7 = 2 with po G H 4 (Q.) where the energy function was given by 



E{t)-="L\\dMt 

1=0 



2 

4-e 



4 

+ E 



15 + 



^4 



■(t) \\i_ e + Hcurl^ v(f ) \\pod curl,, v(t) \\ z . 
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We will not attempt to address exhaustive references in this paper. For more related refer- 
ences, we refer the interested reader to [^|, ^ and references therein for a nice history of the 
analysis of compressible Euler equations. 

In the present paper, we will improve the results given in [|j ^ by using a similar argument 
therein and fully exploiting the degeneracy of the initial density po and the physical vacuum 
condition (p"77|), especially focusing mainly on the following improvement comparing with [Q. 
Firstly, the a priori estimates were given in [0] based on a proof for a special case po = 1 — x^ of 
the density, instead of general densities, from which one can not easily obtain the exact Sobolev 
space that the density should belong to from this special density. Because it will appear a term 
d pov l t evidently for general po in the r-th order horizontal energy estimates, we must assume 
po eH r+1 (Cl) at least in view of the higher order Hardy inequality given in Section [Z2|, for in- 
stance, po G H 5 (CI) if r = 4, see more details in Step 4 of the proof of Proposition |Q| . Secondly, 
we will prove, in details, a mixed space-time interpolation inequality under the framework of 
Lebesgue spaces which will play a vital role in our energy estimates, rather than the framework 
of Lebesgue spaces for time but Sobolev spaces for spatial variables in bounded domain used 
in [Q]. Finally, it is not enough to be controlled for the fourth order energy estimates, which can 
not close themselves, for general po at least, especially in dealing with some lower order terms 
in the argument for the time derivatives. Thus, we have to investigate the fifth order energy 
estimates which are closed with themselves. 

We now derive the physical energy of the system ( [1.13[ ). From fll.l ID , the Piola identity ( [2.1 6[ ) 
given in Section [2~3l , we get 



^ f (p |v| 2 ) =poVivj = -a\V(plr 2 ) j =-(a{v l (p V 2 )) . + J t p 2 r 2 

= -pid t J- 1 -(aiv i pp- 2 ) J . 

Since po = on the boundary Ti and a]v' = on To, integrating over CI yields, with the help of 
Gauss' theorem, that 

Eo(t) : = J^po(x)\v(xS)\ 2 + pl(x)r\x,t)^dx 

=\\\vp~vAl+\w~ lll \\l=Em- 

conserves for all t ^ 0. 

Although the physical energy is a conserved quantity, it is far too weak for the purposes of 
constructing solutions. Instead, we introduce the following fifth order energy function 

^(0 == X: ril^ri (0 lls-^ H- llPo^ 2 ^ 5 "^) llo + ||po^?^~'vt| (0 ||g" 
i=o 1 J 

+ t\\Pod^J- 2 (t)\\ 2 _ e . 

£=0 

Now, we state our main result as follows. 
Theorem 1.1. Let y = 2. Suppose that (T](t),v(t)) is a smooth solution of the system Q1.8Q and 



( |1.13D on a time interval [0, T'] satisfying the initial bounds E(0) < °° and 

V:=t\\d? m D 4 - m v(0)\\ LH£l) <°°, 
and that the initial density po> in CI and po E H 6 (Cl) satisfies the physical vacuum condition 



( Jl .7D - Then there exists a T > so small that the energy function E(t) constructed from the 
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solution (f)(t),v(t)) satisfies the a priori estimate 



sup£(?) ^M , 

[0,31 

where both Mq and T are functions ofE{0) and V. 

Remark 1.2. The same arguments and the results hold true if the bottom boundary Tq is also 
a moving vacuum boundary, i.e., by changing the boundary condition ( |l.ld[ ) into p = on 
To(t) x (0, T], which will not cause any additional difficulties except for the transformation of 
coordinates. 

Remark 1.3. For the general cases y > 1 with general densities, we give some further remarks. 
We think that they are much more different from the special case y = 2. They need to reform 
the energy function in order to get a priori estimates. For the cases y > 2, it seems to be similar 

to the case y = 2 due to y — 1 > y/2 in view of the exponent of the weight pjj 1 and p^ 1 and 
weighted Sobolev embedding relations given in Section ^J], but it is not easy to deal with the 



y/2 

weight pQ in energy estimates in view of the higher order Hardy inequality. For the cases 

1 < y < 2, one have to use the weight p^ 1 instead of p^ 2 in constructing the energy function 
according to the physical vacuum condition, the higher order Hardy inequality and weighted 
Sobolev embedding relations, especially for the cases 3/2 ^ y < 2, however one must deal with 
many extra, important and difficult remainder integrals in the estimates of every horizontal, time 
or mixed derivatives. For the cases 1 < y < 3/2, it might be different from and difficult than the 
above cases. We will discuss the above general cases in forthcoming papers if possible. 

The rest of this paper is organized as follows. We will give some preliminaries in Section 0. 
Precisely, we introduce some notations and weighted Sobolev spaces in Section |2]T|; we recall 
the higher-order Hardy-type inequality and Hodge's decomposition elliptic estimates in Sec- 
tion we give the properties of the determinant J, the inverse of the deformation tensor A 
and the transpose of the cofactor matrix a in Section ^3|. Then, we give a mixed space-time 
interpolation inequality in Section [3), and derive the zero-th order energy estimates in Section f| 
and the curl estimates in Section |[ Since the standard energy method is very problematic due 
to the degeneracy of po, we first derive the estimates of the horizontal and time derivatives in 
Sections |^-(| and then obtain the estimates of normal or full derivatives through the elliptic- 
type estimates in Section ^|. Finally, we will complete the proof of the a priori estimates in 



Section 10 



2. Preliminaries 

2.1. Notations and weighted Sobolev spaces. Throughout the paper, we will use the follow- 
ing notation: two-dimensional gradient vector or horizontal derivative d = (di, dq), the H S (Q.) 
interior norm || ■ \\ s , and H S (T) boundary norm | • | s . The component of a matrix M at the i row 
and the j column will be denoted by M 1 -. Sometimes, we will use "<" to stand for C" with 
a generic constant C. 

We make use of the Levi-Civita permutation symbol 

y f 1, even permutation of {1,2, 3}, 

£ ijk = = \ — 1 j odd permutation of {1,2,3}, 

I 0, otherwise, 

and the basic identity regarding the i component of the curl of a vector field u: 

(curli<) ; - = £i jk u k j. 
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where it means that we have taken the sum with respect to the repeated scripts j and k. Since 
v'j = du l /dr\ k ■ dr} k /dx j , it follows that du'/dri k = dxi /dr\ k ■ v'j, i.e., u\ k =A J k v l j. The 
chain rule shows that 

(curl«(T7)) f = (curlr, v)< := c iik v k . S A). 

where the right-hand side defines the Lagrangian curl operator curljj . Similarly, we have 

divu(Tj) =di\j 1 v:=v J tS A s j , 

and the right-hand side defines the Lagrangian divergence operator div^ . We also use the nota- 
tion for any vector field F 

(y n F)) = F\ s A). (2.1) 

For any vector field F, we have 



curl^ F =curl (FA) 

and then 



( F 3 ]A J 2 _ F 2. A J 3 \ 

\F\jA\-F\jAi) 



namely, 



Icurl, F\ 2 =(F 3 jA J 2 -F 2 jAi) 2 + (F 1 jA^— F 3 jA{) 2 + (F 2 jA\ — F 1 jA J 2 ) 2 
=F\j4 F \kAi + F 2 jAiF 2 tk A k 3 + F\jAiF\ k A k 3 
+ F\ J A{F\ k A k 1 +F 2 J A{F 2 , k A\+F\ J A J 2 F\ k A k 2 
- 2F 3 .jA J 2 F 2 , k A k - 2F\jAiF 3 >k A\ - 2F 2 jA{F\ k A k 2 
=F\ j PJ n F\ k A\-F\ j AJ n F\ k A\ 
=F\ ] Ai{F\ k A k l -F'\ k A k ) = |V n F| 2 - F l jAlF n , k Al 

| V^l 2 = Icurl^Fl 2 + (V n F) ■ (V^F) 7 , (2.2) 

where the superscript T denotes the transpose of the matrix. 

As a generalization of the standard nonlinear Gronwall inequality, we introduce a polynomial- 
type inequality. For a constant Mo > 0, suppose that /(f) ^ 0, f /(f) is continuous, and 

f(t)^M + CtP(f(t)), (2.3) 

where P denotes a polynomial function, and C is a generic constant. Then for t taken sufficiently 
small, we have the bound (cf. []3|, |]]) 

/(f) < 2M . 

For integers k ^ and a smooth, open domain Q. of M 3 , we define the Sobolev space H (Q.) 
(H k (£l;R 3 )) to be the completion of C°°(Q.) (C°°(C2;M 3 )) in the norm 

. l ' 2 

Hk-= I y I \D a u{x)\ 2 dx 




for a multi-index a £ Z+, with the standard convention \ a\ — OCi + OC2 + OC3. For real numbers 
s ^ 0, the Sobolev spaces H S (Q.) and the norms || ■ || s are defined by interpolation. We will 
write H S (Q.) instead of H S (Q.;M. 3 ) for vector-valued functions. In the case that s ^ 3, the above 
definition also holds for domains Q. of class H s . 

Our analysis will often make use of the following subspace of H l (Q): 

Hq={u£H (H) : u = on T, (x\,X2) ^ u(x\,X2) is periodic}, 
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where, as usual, the vanishing of u on T is understood in the sense of trace. 
For functions u G H k (T), k ^ 0, we set 

1/2 



Hk ■ = 


£ / \d a u(x)\ 2 dx) 




\\aHk Jr J 



for a multi-index a G Z 2 . For real s ^ 0, the Hilbert space H S (T) and the boundary norm | • | s 
is defined by interpolation. The negative-order Sobolev spaces H~ S (T) are defined via duality: 
for real s^O, 

H- S (T) := [H s (T)} f . 

The derivative loss inherent to this degenerate problem is a consequence of the weighted 
embedding we now describe. 

Using d to denote the distance function to the boundary T\, i.e., d(x) = dist (x,Ti), and letting 
p = 1 or 2, the weighted Sobolev space H^,(Q.), with norm given by 



d(x) p (\F(x)\ 2 +\VF(x)\ 2 )dx 



(2.4) 



Q. 

for any F G H^ P (Q.), satisfies the following embedding: 

that is, there is a constant C > depending only on Q. and p, such that 

\\F\\\_ p/2 ^C jj(xY{\F(x)\ 2 + \VF(x)\ 2 )dx. 
See, for example, Section 8.8 in Kufner [|T0|]. From this embedding relation and fll.7|), we obtain 

Ifl^C ^p 2 (|F(*)| 2 + |VF«| 2 )Jx (2.5) 

2.2. Higher-order Hardy-type inequality and Hodge-type elliptic estimates. We will make 
fundamental use of the following generalization of the well-known Hardy inequality to higher- 
order derivatives, see [[)} Lemma 3.1]: 

Lemma 2.1 (Higher-order Hardy-type inequality). Let s^\ be a given integer, Q. and d{x) be 
defined as above, and suppose that 

then %EH s - l (Q.) and 

u 



d 



5-1 



(2.6) 



From this lemma, we can obtain 



Corollary 2.2. Assume that p G [2,°°] and po satisfies the conditions ( |1.6[ ) and ( \l .7| ), then 



Po 



WgeH 



\H} 



LP(£i) \% p]+! 

where [•] 15 ceiling function defined by \p\ = min{n eZ:n)p} 
Proof. By ( |T77| ) and noticing that J(x) = dist (x, Ti), we see that 



(2.7) 



1 <- C f r 
^ — for x near Ti . 



p (x) d(x) 



(2.8) 
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Since po > in Q. and (|L6|), for x G Ci, we have |<?3Po| > £ for some e > 0, then po(x) = 
|c?3po(x + 0(1 —x))\\l — x$\ > ed(x) for x £ Q. far away from Ti with some 6 G [0, 1]. Thus, 
combining with (E^), we have 



1 / C , 

^ — for xefl. 



Po(x) 

It follows, from Sobolev's embedding inequality and Lemma [2~7fl , that for p G [2, oo] 



(2.9) 
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g 




Po 


LP(£i) 


d 


LP{a) 


d 


r3(i/2-i//oi 



I [3(1/2-1/^)1+1, 



ifgeH^Vz-i/^l+i^nfljCQ). □ 

The normal trace theorem provides the existence of the normal trace w ■ N of a velocity field 
w G L 2 (£2) with divw G L 2 (Q.) (see, e.g., Jl3|]). For our purposes, the following form is most 
useful (see, e.g., [[]]]): 

Lemma 2.3 (Normal trace theorem). Let w be a vector field defined on Q. such that dw G L 2 (£l) 
and divw G L 2 (Q), and let N denote the outward unit normal vector to T. Then the normal 
trace dw-N exists in // _1//2 (r) with the estimate 



\dw-N\ 2 _ l/2 <C 
for some constant C independent ofw. 



tw\ 



+ lldivwl 



L 2 {Q) 



(2.10) 



Lemma 2.4 (Tangential trace theorem). Let dw G L 2 (Q.) so that curlw G L 2 (CL), and let T\, T2 

denote the unit tangent vectors on T, so that any vector field u onT can be uniquely written as 
u a T a . Then 



\dw-T a \_y 2 < C 

for some constant C independent ofw. 
Combining ( J2.10D and ( [2.1 1[ ), we have 

|<M-l/2 < C 



dw\\ 2 L2{a) + \\cur\w u2 



L 2 (Q.) 



a = 1,2 



(2.11) 



dw h 2 (£i) + l|divw|| L 2 (n) + ||curlw|| £ 2 (Q) 



(2.12) 



for some constant C independent of w. 

The construction of our higher-order energy function is based on the following Hodge-type 
elliptic estimate (see, e.g., 



Lemma 2.5. For an W domain £1, r ^ 3, if F G L 2 (Q;M 3 ) with curlF G H s ~ l (Sl), divF G 
H s ~ l (£l), and F -N\r G H s ~ l / 2 (T) for 1 ^ s ^ r, then there exists a constant C > depending 
only on Q. such that 



F\\ s \\F\\ + llcurlFH^! + ||divF|| a _i + \dF-N\ s _ 3/2 



F\\ s ^C[\\F\\o + ||curlF||,_i + ||divF||,_i + £ \dF ■ T a 



5-3/2 



a=l 



where N denotes the outward unit normal to T and T a are tangent vectors for a = 1, 2. 
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2.3. Properties of J, A and a. From the derivative formula of matrices and determinants, we 
have 



A k — — A k n l 4 J 



A* =d t Af = -A k v l jA j 
J,s =JA\l\ l ijs =a\l\\ ja . 



i ' 



(2.13) 
(2.14) 
(2.15) 

It follows from a = JA, ( P-13| ) and ( [2.1 5[ ) that the columns of every adjoint matrix are divergence- 
free, i.e., the Piola identity, 

Jfe 



aj k = 0, 

which will play a vital role in our energy estimates. We also have 

4 >s =Ji 1 \ JS (A*A{-AjA k )=J-W JS (cta{-aia 1 !), 

4 =Jv\j {A k A\ -A{A\) = r\\j {44 - 44). 

3. A MIXED SPACE-TIME INTERPOLATION INEQUALITY 



(2.16) 

(2.17) 
(2.18) 



In this section, we prove a useful mixed space-time interpolation inequality which will play 
a vital role in our energy estimates. 

Proposition 3.1 (Mixed interpolation inequality). LetF(t,x) be a scalar or vector-valued func- 
tionforte [0,T], T > and x E Q. C M 3 . Assume that F t (0,-) £ L 3 (Q), F G L°°([0,T];L 6 (£i)) 
and F tt 6 L°°([0, T];L 2 (Q.)), then we have 

\ F t(9)\\b(a) + SU P 11^(011^(0)11^(011^)1, (3-D 



NlL3([o,r]xO) ^ ct2/3 



[Q,T] 



where C is a constant independent ofT, D. and F. 
Proof. Notice that 

2\F t \(d t \F t \)F t = d t (\F t \ 2 )F t = 2(F t -F tt )F t ^ 2\F t \ 2 \F tt \ 

implies that |^(|7^|)F^| ^ |7^||Fft|. Then, by the Fubini theorem, integration by parts with re- 
spect to time, the fundamental theorem of calculus, the Holder inequality and the Minkowski 
inequality, we have 



\Ft\ 



L 3 ([o,r]xO) 



JO. 



\F t \ dxdt 



SI JO 



\F t \F t -F t dtdx 



F t (T)\F t {T)-F(T)dx- I \F t (0)\F t (0)-F(0)dx- I I d t (\F t \F t ) ■ Fdtdx 

J a J a Jo 

= I ( f d t (\F t \F t )dt) -F(T)dx+ I \F t (0)\F t (0) ■ ( f F t dt) dx 
Jo. \Jo ) Ja \Jo ) 

-II \F t \F tr Fdxdt- I I d t (\F t \)F t ■ Fdxdt 
Jo J a Jo Jo. 

^2 I ( f T ' \F tt \\F,\dt] \F(T)\dx+ I \F t (0)\ 2 ( f \F t \dt\ dx + 2 f \ \F t \\F tt \\F\dxdt 
Jo. \Jo J J a \Jo J Jo J a 

<C\\F(T) \y [£l) I || \F tt | \F t \\\ L6l5{a) dt + C\\F t (0) ||2 3(a) I \\F t y {a) dt 

J J 

+ c ll^llL 3 ([o,r]xO)ll^llL 2 ([o,r]xO)ll^llL 6 ([o,r]xO) 

^cr 2/3 ||ivlL 3 ([o,r]xf2) 



l^(°)llL3(n) + SU Pll F llL6(0)ll^llL2(0) 

[o,ri 
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which implies the desired inequality by eliminating ||z, 3 ([o r] xii) f rom both sides of the in- 
equality. □ 

4. A PRIORI ASSUMPTION AND THE ZERO-TH ORDER ENERGY ESTIMATES 

We assume that we have smooth solutions r\ on a time interval [0, T] , and that for all such 
solutions, the time T > is taken sufficiently small so that for t 6 [0, T] , 



1 , . 3 



(4.1) 



Once we establish the a priori bounds, we can ensure that our solution verifies the assumption 
( |Q1 ) by means of the fundamental theorem of calculus. Then, by (|1.9D , Sobolev's embedding 
H 2 {Q) C L°°(Q), we have for t G [0,7/], 



IW)llz.-(o) <C||tj(j)||2, 
IK0IIl-(o) ^C||VTj(0||i- (n) ^C||Tj(0||i. 
It follows from a = 7A and (pTTb that 

l|A(0lk-(Q) ^I^ _1 (0«(0IIl-(£2) <c||Tj(t)||i 

Now, we prove the following zero-th order energy estimates. 
Proposition 4.1. Zf holds for r^A 



(4.2) 
(4.3) 

(4.4) 



sup 

[0,71 



|p(l /2 v||o+IIPo^ 1/2 |lol ^M +C77>(sup£ r (f)). 

J [o,r] 



Proof. Taking the L 2 -inner product of ( |1.13a| ) with v' yields, by integration by parts, ( [2.1 6[ ), 
( PIED , ( |TT3^ ) and (fTTTTD, that 

1 ° ^ po\v\ 2 dx = - j a{(pQj~ 2 ) .v l dx = j p§J~ 2 a\v\jdx — j a\p 2 J~ 2 v l dx\dx2 



2 dt Ja 



a, 

= --r f Pp~ l dx. 
dt Ja 



It follows, from the integration over [0, T] and by Holder's inequality, fl4.1p and (]1.9[), that 
- / p |v| 2 dx + f pp~ l dx=\ f p \u \ 2 dx + / Podx= ^||p 1/2 "o|lo + IIPo|lo) 

I JO. JO. I JO. JO. 2 

which implies, by Cauchy's inequality, that 

- sup ||po /2 v||g + sup ||po/~ 1/2 ||o < Mo + CT/ J (sup E r {t)). 



4 



[0,T] 



o,n 



[0,31 



Thus, we complete the proof. 



□ 



5. The curl estimates 
Taking the Lagrangian curl of QL13a[ ) yields that 

e /77 A;.(p v; + af(p 2 7- 2 ) ! ,) v =0, 

i.e., 



eijA)pQ iS v' t + Po£ijiAy t s + eijiAtf (p 2 7 z ) jk + e^JA^p^J 



.2 7-2^ 



is a k( Jl j-2\ 



.ks 



0. 
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For the last term, we can interchange the indices k and s, i and j to find that it vanishes due to 
the fact £[ji = —£uj. For the first term, we can use the equation ( |1.13a| ). Then using ( J2.17D for 
the third term, it follows that 

^ £lji ^j A s A k ip 2j-2 )k + Po£/ yL^. 

Interchanged the indices b and s, i and j, the term e^/A^^A^A* (pp/~ 2 ) k vanishes. Hence, 
from ( [2.1 5D , we have 

P^i^y,, =£i }i P -^JA)A\{plj- 2 )^ k - eiji JA) n \ b M{pp- 2 ) ik 
=2e lji ^A)Alp Q p Qk J- 1 - 2£ /77 po,A;4po/-UX,# 

The first and last terms vanish by interchanging the indices k and s, i and j. The second and 
third terms eliminate. Therefore, it yields 

£ljiA S jvi s =0, or curl,,v, = 0. (5.1) 

We can obtain the following proposition. 

Proposition 5.1. For all t 6 (0, T], we have for r ^ 4 

Y — 1 T 

£ ||curld f 2 V?)||?_ 1 _,+ £ \\pod r ~ cuAd^(t)\\t^M + CTP(supE r (t)). (5.2) 

i=0 1=0 [0,T] 



Proof. From (pTf), we get 

^(curl n v) = £. n A s tj v\ s . 

Integrating over (0,?) yields 

curl^ v(t) = curlw + / Z-jAf jV l >s dt' , (5.3) 
Jo 

and computing the r-th order horizontal derivatives of this relation yields 

—r —r —r —r-k —k 

curl,, d\(t) =d r (cm\ 11 v(t)) - £.$ A)v\ s - £.j t £ C l r d A)d v\ s 

k=l 

=d r cur\ u Q - e.jid r A)v\ s - e. j; - £ C l r d^ k A s p k v\ s + I £.0 {A s flj v\ s )dt' . 

k=i Jo 

Noticing that rj t = v, we have 

^(curljj d r r\) = curl^ /v + e.^A^dV,* 

=a curl«o-e.y^ r A}v^ -e. j7 £c^' A}d v*,, +£.jiA s tj d i]\ s + / £. n d (A s tlj v\ s )dt'. 

k=\ jQ 



(5.4) 

Integrating over [0,f] yields 



cml^d'^ri =td r cur\u + £.jjA\d' rj l m A"-v\ s dt' - £ C r e j^' A s jd v\ s dt' 

Jo ' k=l Jo 

~ f £.jiAiV l )m Afd r r] i s dt' - f f £.^ r {A s p v p A A)v\ s )dt"dt', 

J J « 
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and then by the fundamental theorem of calculus 

r-t . 

curl^ d r r\ = curl<9 r 7] +J e.jiA s t j(t')dt' 'd' r} 1 s . (5.5) 

It follows that 

— r —r f* —r f l —r—k —k 

d curlr] =td curla + / £-jiAjd' r\ l ^A^v'^dt' - £ C* / E -ji^ A )d v\ s dt' 

k= 1 

- f e.j i A s l v\mAfd r 7]\ s dt'- f £. Jl A s t] (t')dt'd r T}\ s dt'- f f e.0 '{A s p v p \ q A q /, s )dt"dt' '. 

Notice that for k = 1, integration by parts with respect to time and the fact dVr} (0) = imply 

rt 1 rt 



f £.jJ r ~ l A s pv\ s dt' = - J e. j ^ r ~ 2 (A s p dr l P )q A q j )dv i >s dt' 
= - jf e. ji A p r-\P jq Ajdv i , s dt' - £ C l r _ 2 jy r - 2 -\A s p Aj)d l+1 r l P )q dv i , s dt' 
= -e. ji A p d r - 1 r l P >q Afdr l \ s + f e. ]l A s p d r ^v p , q A q ^r]\ s dt' 

J 

+ j\.^ r -\ p , q dn\A{A s p A^ 

Since other terms can be estimated easily, thus, it follows that 

sup / pl\d r c\xr\r]\ 2 dx ^ M + 8 sup E r (t) + CTP (sup E r (t)). 

[o,t] [o,r] [o,r] 

The weighted estimates for the curl of df m d m r\ can be obtained similarly. 
From (|53l), we see that 

curler] =?curli<o+ / e. p A s tj r\ l s dt' -\- [ f e.jiA s t/j v l s dt"dt', 
Jo Jo Jo 

and then by the fundamental theorem of calculus, 

curl 7] =tcux\uo- £.ji J A s t jdt'r\ l s + J £.jiA s tj r}' s dt' + J J £.jiA s t ,-v\ s dt"dt'. 
It follows that 

||curlT]||^M + OT(sup^(0), 

[0,21 

and 

1 1 V - 1 curl r\ 1 1 § ^ M + CTP( sup E r (t) ) , 

[0,T] 

where we have used integration by parts with respect to time for the integrals involving Vv in 
order to control them by ||rj || r and ||v|| r _i. Thus, we get 

||curl77|| r _i ^M + CTP(supE r (t)). (5.6) 

[0,T] 

From (p3]), we get, by the fundamental theorem of calculus, 

curlv(Y) = cutIuq- e.ji J A s t jdt'v\ s J A s t jv\ s dt' ', 
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and, by taking the first order time derivative, 



curlv,(f) = -e.jj j A s tj dt'v l t s 

J 



o 

Since H r ~ 2 (£l) is a multiplicative algebra for r ^ 4, we can directly estimate the H r ~ 2 (Q.)-norm 
of curl v t to show that 

\\cmlv t (t)\\ 2 _ 2 ^Mo + CTP(supE r (t)). (5.7) 

The estimates for curl<9 ; 2m T](?) in H ~ m (Q.) for 2 ^ m ^ r — 1 follow from the same argu- 
ments. □ 

6. The estimates for the horizontal derivatives 

We have the following estimates. 

Proposition 6.1. Let r G {4,5}. For small 5 > and the constant Mq depending on 1/5, it 
holds 

M 2 y\,iA\\Z _l lln„3 r v<nMII? I \\ n »~3 r A™<r,(A\\Z _i_ l«a|2 



sup 

[0,r] L 



HpT* v(OI|g+||poa vijcoilg+llpoa divr7(0 116+ 1^?"!" 



1/2 



^M + 5 sup C7T( sup E r (?)) , 

[0,T] [0,T] 

where 77" = 77 • T a /or a = 1,2. 

Proof. Letting act on ( |1.13a| ), then we have 

f Cp^ Wv! + t Cp-'aid 1 (p 2 J- 2 ) = 0, 
1=0 1=0 

where C l r is the binomial coefficient. Taking the L?{Q.) -inner product with d V, we obtain 

1 r ii r ,2 J 3 6 

m=0 m=4 



/ p |«9 r v| 2 ^x+ £ 3 m = £ ?m- (6.1) 
Ja 



2 J? 
Here, 

3f i: =/ d r aj(pp- 2 ) d'Vdx, 3 2 := [ aj(d r pp- 2 ) d'Jdx, 
Jo. ,J in \ / ,j 

3 3 ■= [ dipffir 2 ) d r v*dx, 3 4 ■■= - T\C l r [ d r ~ l p d'vld r v i dx, 
Jo. \ ' J £~q J a 

r— 1 r— 1 

3 5 := - £ C\ I d r ~ l a{d l (p$J- 2 ) Ifjdx, 3 6 := - £ / a{ (d^ppr 2 ) d'Vdx. 

Step 1. Analysis of the integral 3\. We use the identity ( |2.16| ) to integrate by parts with 
respect to X; to find that 

3\=- I d r a{pQj~ 2 d r v\jdx+ a\d r V p^J~ 2 dx\dx 2 = - / d'afd'v 1 j p%J~ 2 dx, 

J SI J To J SI 

due to the boundary conditions ( |1.13b[ ) and ( |1.13c| ). 
It follows from (gTTTJ) that 

3 X =- J7~ l (dr}\ k J-\a\a\-a\a{)^d r v\jplr 2 dx 

l?r\ l k A k J?v\jA\plr x dx (6.2) 



n 
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r-l 



(6.3) 
(6.4) 



Since v = T|,, we get 



1 d 



+ i / \div n d r r]\ 2 p$d t J l dx 
2 J a 



1 J 

2dt Jq 
1 



|div 7? ^r ] | 2 p 2 y- 1 ^+- / d'n'fid'ri'jdtiAfAftptiJ-'dx 



a 



1 /" -=rr ; -=rr ,- 



2 Tr,' J/.t^iu2rl 



2Ai 



For the integral (JOf), since v = r/ f , it holds 



It follows from ( g^ that 



d'r 1 \ k A 1 !A{d r v i j=^d t IV^'TJI^-Icurl^'ijl 2 - ^' 17 Wj ^(AfA/). (6.5) 



2 J r ^' 



Thus, we have 



©=^ jT [iV^'^p-lcurl,^! 2 ] p 2 /- 1 ^ 



+ 



1 



2A1 

\jrn\ k 7 n \ j d t {A k i A j l ) P p- l d x . 



I V^^' T7 | z — Icurl^ o>' 77 1 2 Pq7 l div n vdx 



It follows that 
3idt 





1 

2./n 



+ ■ 



V n d T ? (r)| 2 -|div T?( 9 7 7 (r)| 2 -|curl T?( 9 Tj^pjpo 2 /- 1 ^ 
2-1 r T 



2 Jo Jfi 



1 

2 Jo in 



V^^'t]! 2 - Idiv^ d r r\\ 2 - (curlij <? r 77| 2 p 2 7 Miv^vdjafr 



a 77/^ T} i j d t (A k i A\-A i i A k l )p 2 J- l dxdt+ I 







It is clear that 



J £2 



|V^<9' 77 1 2 - |div^ <9'ti| 2 - (curled' 77 1 2 p 2 / Mivj, v<ixdf 



and 



^CTsup||p d V7 7 || 2 ||v|| 3 ||77||^OT(sup^(2)) ; 

[o,r] [o,T\ 



Jo fa ^ /r? ' J d t{A k i A j l -A j i A\)pp- 1 dxdt 
^CT sup ||po^ r VT7|| 2 ||v|| 3 ||T7||f 

[0,21 

^C77>(sup£ r (?)). 

[o,n 
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Now, we analyze the integral J (pA\)dt. We will use integration by parts with respect to time 
for the cases s = 1 and s = 2, while we have to use integration by parts with respect to spatial 
variables for the case s = r — 1 . 

Case 1: s = I. From integration by parts with respect to time, we get 

(r-l) / / d r ~\\ k d(a\A\-A\a J ^)d r v\jplJ- 2 dxdt 



+ 
+ 
+ 



o Ja 



-r-l , - 



r-l) I d' ^'^[a^-A^Ad'^^p^dx 



A „2 7-2. 



t=T 



r-l) 
r-l) 



^r-l , -= 



o J a 

T 



J£l 



d v\ k d [ajA, -Afajj d rfjpfiJ L dxdt 
d' \ l k d t d (ajAj -Afajj <9 V jPp~ 2 dxdt 



r- 1) y J d 7]\ k d[a J i A l j-Ay i )d r] 1 f p^d t r z dxdt. 



(6.6) 
(6.7) 

(6.8) 

(6.9) 

(6.10) 



It is clear that, by Holder's inequality and the fundamental theorem of calculus twice, 



KOI < c 



po I d r l d t Vrjdt' 



llPo^VfKniiollrKrjiiJ 



^CT I sup 

[0,71 



po / d r l d 2 Vr}dt' 



+ \\p d *vt,(o)|| ||po^ VTi(r)||o||Ti(r)||i 



^CT 2 sup ||p <9 " dfVrjWo + ^Wpod " d}Vr)(0)\\ \\pod Vfi(r)|| I|fl(r)||J 

[OT] V 1=1 

^M + CT 2 P(supE r (t)), 

[0,T] 



and 



^CT sup ( po [ d r l d 2 Vridt 

[o,t] V Jo 



+ ||po/ -1 ^VT7(0)||o)||p a r VT7||o||T7llI 



^cr 2 su P ( ||po^ r_1 ^ 2 V77 ||o + 1: ||p ^ r_i a/ vti (o) ||o ) WPod^ihHll 

[o,n V 1=1 

^M + CT 2 P(supE r (t)), 

fo,n 



ld6lOD|^Cr||po|| 2S up||c3 Vr]||oP(||T7||4)||Vv|| 2 ||po^ Vtj|| ^M + Cr 2 P(sup£ r (0). 

[o,r] [o,r] 



We can rewrite as, for /3 G {1,2} 



o 

. 



d' *T] l pdtd[a?Af-Afaj]J 1 d' r\ l 3 p^dxdt 



J „2. 



Obviously, we have from the Holder inequality and Sobolev's embedding theorem that 
IO ^ sup UpoTt] II i^Pd^lU, ||v|| 3 , pVv|| UpoTvt] ||o 

fOTl 



(6.11) 
(6.12) 
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OTsup (HpDlbllTjIlr+IIPDd Vt]||o PdlTllkJvlbjaVvHOIIpoa V77|| 

[0,r] V J 

^M + CTP(mpE r (t)). 

[0,21 

By integration by parts, it yields 

( gUp =~ 3 f^J^ W dtd (af A\ -Afflf ) d'rfJ^pldxdt (6.13) 

-3 jf *dtd(a?A'[-A!a? ) d' rfJ' 2 p 2 dxdt (6.14) 

~ 3 J jj* r l v\kdtd(afA^-Afatyd r ri\j- 2 p$ p dxdt. (6.15) 

It is easy to see that 

IdH^rsupllpoTVTjIlopVvlliPdlTjIWIIPo^TjIl! <M + C77>(supE r (0), 

[0,21 [0,21 

and 

(§J3J) ^Crsup||7- 1 VT]||o||aVv|| 1 P(||T]||4)||po^T?lli(llPo||L^) + II^Polk~(a)) 

[0,T] V 7 

^M + CTP( sup E r (f)). 

[0,71 

In order to estimate ( |6.14[ ), we first consider the estimate of the ||-D r- v IIl 3 ([o,21x£2) where 
Z) r 1 denotes all the derivatives <9 for the multi-index = ( Q\ , 02 , $3 ) and ^ 1 1 ^ r — 1 . By 
Proposition |3J] with F = D r 1 T] and the Sobolev embedding theorem, we have 

SUp ||v ? || r _i||Tj|| r 
[0,31 

<M + Cr 2 / 3 P( sup £ r (?)). 

[0,71 

Thus, we obtain 

II^Ml/Vrorixn) <M + CT 2 ^P(supE r (t)). (6.16) 

U ' 1 ; [0,r] 

By the Holder inequality, the Sobolev embedding theorem, the Cauchy inequality and ( |6.16[ ), 
we easily get 



\<^\<CT 2 ^\\po\\ 2 \\d\v\y imxa) supll^V^HollPo^ 

fan 



^CT^^I^VvH^ + CT||p |||sup ||^ 3 Vr7||§||p ^ 4 r7||T 

u ' J ; [o,r] 

^CT l/3 \M + CT 2/3 P(mpE r (t)) J +M + CTP(supE r (t)) 

\ [0,21 / [0,21 

^M + CTP(supE r (t)). 

[0,21 
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Hence, we obtain 



^M + CTP (sup E r (t)). 

[0,T] 



Case 2: s = 2. By integration by parts with respect to time, it yields 



Cr-l d V\ k d (Aja^-afA^d v'jp^J- z dxdt 

J J ^2 



t=T 



= -C 2 r _ x I d r -\\ k d\A\a\-a\A\)d r r\\ } plr 2 dx 

+ Cr-i II d r ~ 2 v l k d 2 {A{a\-a\A j 1 )d r r) i :plr 2 dxdt 
Jo Jo. 

+ c r-i / / ^ r 2 ^\k^ 2 dt{A{a]-a k i A i l )d r T] i j plj^ 2 dxdt 

+ C 2 _ l J^j7' 2 ^\ k d 2 (A\a k l -a k i Ai)d r r] l j pld t J- 2 dxdt. 
Applying the fundamental theorem of calculus yields for a small 8 > 

|(|3i>|<c||po||2||r"Vrj(r)||,p(||Ti(r)||4)||Vrj(70l|i||poyvTj(r)||o 



(6.17) 
(6.18) 
(6.19) 
(6.20) 
(6.21) 



<C\\PohP(\MT)\U,\\r}(T)\\ t 



Vvdt 



+ l|Vrj(0)||i ||A,d Vrj(r)||, 



^M + 8supE r (t)+CTP(supE r (t)). 

[0,T] [Q,T] 

Similar to ( |6.14D , we can get 

|( |6TT9| )| + \< &M \ ^M + 8 sup E r (t) + CTP(supE r (t)). 

[0,T] [0,T] 

By an L 6 -L 6 -L 6 -L 2 Holder inequality and the Sobolev embedding theorem, we get 



I ( TO I + CTP( sup E r {t)). 

[0,T] 



Therefore, we have obtained 



|( |5T7D I ^M Q + 8supE r (t)+CTP(supE r (t)). 

[0,T] [Q,T] 

Case 3: s = r—l. We write the space-time integral as, for /3 G {1,2} 



o Jo. 

T 



dr\ l k d' \a\A\ -A k a\)d v'jpp 2 dxdt 

i 

= - I* f dl}\ k d r ~ X (a?Af -A k af)d r v\ p pp- 2 dxdt 

tj J — i\ 

dri\ p d r ~\a]Af -A^a])7'v\ 3 pp- 2 dxdt. 



J£l 



By integration by parts with respect to xr, we have 

•T r _ _ _ 

^V'tp d ' \a p i A k -A k a p l )d'v l plJ- 2 dxdt 



(1633|) 



rT . 



~ l (J Ak A kJ \3 r ,.i„2^2 



dxdt 



10 JO. 



+ JJ a d ^,kd' \a?A k p -Al p a»)d'v'pp-'dxdt 



ik . J\2 r J n 2i-2, 



(6.22) 
(6.23) 
(6.24) 

(6.25) 
(6.26) 
(6.27) 
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+ II dri\ k d r ~ 1 (a? A} -A?o?)dV(pJ) jP J~ 2 dxdt 
+ j J^rf ^^^A] -A k ia P)d r v l pp- 2 £ dxdt. 



From ( |2.17[ ), it follows that 



&=J Q T J^ l .kpd r 2 [drjP^JAfiA^-A^)] dWpp^dxdt 



10 Jo. 

Jo Jo. 1 



+ / drj\ kp d r ati%/Af(A*A?-AjAf) d"Jp$J- 2 dxdt 
di^/Af (A*Af -AfAf)l d r Vplr 2 dxdt. 



~5 r - 2 
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(6.28) 
(6.29) 

(6.30) 
(6.31) 
(6.32) 



We can write 



<yg>=/ / dVjBd 



/0 ift 



+ /7 Stj^a" 2 [drjP )3 JA? {A)A?-A a p A 



dri P MJ Al ? (A?Af -AjA,")] dV pp~ 2 dxdt 

d v l plJ~ 2 dxdt 
H dTj^^r-^P^AfiA^-AlA^rVpp-'dxdt 

$ ( A a A k A k A a 



r-3 



m—0 



10 Jo, 

r— 3 r r 



(6.33) 

JAf (AjAf - A*A?)] 7v l pp- 2 dxdt 

(6.34) 

(6.35) 



m=0 



./fl 



1A$ (A? A a _ 4 a 4 3x 



d'v'pQj 2 dxdt. 



(6.36) 



It is easy to see that 



Id33])| <CT||po||2 /2 sup ||^ 2 V7 ? || 1 Hpo^^Hx.Pd^lls)!^^ 72 ^^!^ < A^o + C^Csup^Cf 

[o,r] [o,r] 

and by an L 6 -L 6 -L 6 -L 2 Holder inequality and the Sobolev embedding theorem, 

ICTl + lCTl <cr||po||2 /2 supP(|h||4,|h||r)||p 1/2 ^v||o<Mo+crp(sup£ r (0) 

[o,r] [o,r] 
By using integration by parts with respect to time, we have 

&=l dy]\a^\ p ^(A)Af-A a p A})7^p 2 J- l dx 

- j*jWrtT-\*^{A\A? -A^r^pp-'dxdt 
~fola nl ^ 7 ^^^i^f-K^'^Pp-'dxdt 



(0), 



<V,a/3^V, 3 ^ [4 (AlAf-Affir 1 ] d r 7] l p 2 dxdt 



Jo, 



(6.37) 
(6.38) 
(6.39) 
(6.40) 
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Obviously, it yields by using the fundamental theorem of calculus twice 

fT 



(p7|)^CM|po||3||T?||3+ PoJ q d 3 d t Vr]dt 



3||r?|| 3 



<C||Po|| 

+ Cr^||p ^ 3 <9 f V77(0)||o + 
^M + CTP( sup E r it)). 

[0,21 



r T — 3 

po d d?Vr\dt 
Jo 



P(MT)h,\\v(T)\\ r )\\Pod iimi 



P(\\V(T)hAv(T)\\ r )\\pod V(T)l 



By the Holder inequality, the Sobolev embedding theorem and the fundamental theorem of 
calculus, we get 



Tr-i. 



po/ d^dfVr) 



llPo<^iiiP(iM| 3 ,i|T7y 



O^Crsup||p <9 d t i\M\d VtjUoIIPo^ TjHiPdlTjb; 
^Crsupf||po|| 3 ||v||3 + ||po^ 3 ^Vr](0)||o + 

[0,T] V 

^M + CTP(s\xpE r (t)). 

[0,r] 

Similarly, we have 

dO^KCr supp 3 77|| 1 ||po^ 1 4V7]||o||po^||i/ 5 (||7?|| 3 ) ^M + CrP(sup£ r (0), 

[o,r] [o,r] 

and 

(103) <CT||pol| 2 sup ||^" 3 T7|| 1 ||^ 1 VT7||o||Vv|| 1 ||p ^T7|| 1 ^(||T7|| 3 ) < A^ + CT^(sup^(0). 

[o,r] [o,r] 

We can deal with ( |6.3ip and ( |6.32[ ) as the same arguments as for ( |6.30[ ). Thus, we obtain 



|(ggDI ^Mo + CTP(supE r (t)). 

[0,7-] 



We write 



CT) 



dr] 1 >k d r ~ 1 Tj p qp A q p (Af Af - Af Af ) d Vp 2 /- 1 « 
+ fj^ 1 , k d r ~\p ^A^Af -A?Al)d r v'p 2 J- l dxdt 
+ fj^n\ a d r ~\ P ^ p {AfAl -AjAf)d r v'piJ- l dxdt 



10 JQ. 



(6.41) 

(6.42) 
(6.43) 
(6.44) 



+ £c, m ! f 1 1 d7]\ k d m 7}P qp d r 1 W [/A|(AfAf-AfAf)l d r Vplr 2 dxdt (6.45) 



m=0 

r-2 

m=0 
r-2 



rf— 1 — m 



Jfl 



^W,^ 1 "" JA^Af-AfA]) d r Vplj- 2 dxdt 



Jfl 



(6.46) 



r— 1— m 



/A^ (Af A; -A?Af)l d r Vplr 2 dxdt. 



(6.47) 
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It is easy to see that 

KiUDi + 1©| + 1 ^cr||po||f sup ^ || 4 |M r vr] ||oP(lh l| 3 )l|pd /2 ^v||o 

[0,31 

^M + CTP(supE r (t)). 

[0,T] 

By the Holder inequality and the Sobolev embedding theorem, we have 

ldD| + |d6H)| + ^cr||po||f sup ||p 1/ Vv|| 0j p(||t ] || 4 , 

[0,31 

^M + C7T( sup £,(»). 

[0,31 

Hence, 
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By ( [2.1 3D , we have 



.7 £2 

r 



[ flOSD l ^M o +cr/ 5 (sup£ r (0). 

fo,n 



= H dr 1 \ k r- l r 1 P^A k p (A^Af-A^A" l )rv' P 2 J- l dxdt 
+ EC-1 / / ^ / ^^^ 1 " w (7A*(AfA?-A?Af))rv'pJj- 2 iiwfr. 

m=0 J0 Jfl 

(6.50) 

By the Holder inequality and the Sobolev embedding theorem, we have 



(6.48) 



(6.49) 



sup ||T7|| 4 ||po^' VT ? || 0J P(||r ; llg)]^^ 72 ^^!^!^^!^" < A^o+Cr/'Csup^CO) 



■ 1/2 



[0,21 

and similar to ( |6.45[ ) 



Thus, 



[0,21 



|( |650D I ^Mo + Cr/ 5 (sup£ r (0). 

[0,21 



I QBZZ7D 1 ^M + CTP(supE r (t)). 

[0,21 



(6.51) 



For Q6.28D and ( |6.29| ), it is easy to have 



IOI + IOI ^CT(\\po\\l /2 + \\po\\r) ^P ||Po /z <9' v\\ P 

[0,21 

^M + CrP(sup£ r (?)). 

[0,21 



,3/2,, 



1/2- 



Hence, 



|( |Q3l )| ^Af + CrP(sup£ r (f)). 

[0,21 



By integration by parts with respect to time, it holds 



rr-1 



i .2,-2, 



n 



,r-l 



(6.52) 

(6.53) 
(6.54) 
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+ f [ dri l p d r l d t (a]Af -A f ja])d r T}\ 1) plr 2 dxdt 

+ If dr} 1 B d r ~\a]AP -Afahd'rf 3 p 2 d t J- 2 dxdt. 
Jo J si 

It is easy to see that by applying the fundamental theorem of calculus three times 

!CH)l^||77(r)||4||poa r VT7(r)||oP(||T7|| 3 ) 



(6.55) 
(6.56) 



po / d r l d t Vr]dt 
o 



+ l|Po||2||<5 r " 2 Vr 7 || 1 



o 



dVvdt 



o 



+ l|Po|| 2 ||^ VrjIK 



^2 



d Vvdt 



+(l-sgn(5-r))||po|| 2 ||<9 Vr]!!, 

^M + CTP(supE r (t)). 

[0,r| 



d r \vdt 



By (fn7J) and ( PD , we have 



7?-- 2 



/0 >/£^ 



<9v'^(9' " (dT]%/Af (A]A% -A?a 3 p )} d' rj' 3 p^r L dxdt 



J .2,-2, 



(6.57) 
(6.58) 
(6.59) 



+ 1 f a dv\ p f- 2 (drjP^JA^Af -Afa])) d" r]\ 3 p 2 J- 2 dxdt 

We split ( |6.57[ ) into two integrals, i.e., 
d637D = 

+ L C r-2 H dv l $T + \p >a d r - 2 - m (jAf(A]A a p -A?al))d r V \ 3 p 2 J- 2 dxdt. 
m=0 70 Ja v 

(6.61) 

Obviously, we see that 



JQ. 

r-3 



dv\ p d r - l V P_ a JA^A]Af } -Afa 3 p )d r V \ 3 p 2 J- l dxdt 



(6.60) 



,^2 



I ( TO I ^Crsup||<9 v||i||pod rihPdl^W^Wpod Vr}\\o^M + CTP(supE r (t)), 

[0,T] [0,T] 



and 



K EH l ^Cr||po|| 2 sup||<9 v||iP(||77|| r )||poa r Vi7||o<Mo + CrP(sup^(?)). 

[07] [07] 

Both ( J6.58D and Q6.59t ) can be dealt with as the same argument as for Q6.57[ ). Thus, we obtain 



|(|34l)| ^M +CTP(supE r (t)). 

[0,r] 



By (p^l) and (Ol), we have 



( P35D 



/0 JQ. 



dri l p d r 1 p ia 7Af(A^-A ; a aJ) d" r} 1 3 pp' 2 dxdt 



+ 



.7 £2 



r-1 



i?(AlA a p -Afal: 
f, a JAfl{A]At-Afal 



d' rj' 3 PqJ 2 dxdt 



(6.62) 
(6.63) 



FREE-BOUNDARY 3D COMPRESSIBLE EULER EQUATIONS IN VACUUM 



23 



+ / / £ ^ <9t 7 / ,j8 <9 ' 1 [ vP ,ccJAi{A 3 pAf-A^a^ d r T]\ 3 pp- 2 dxdt. (6.64) 



We write 



(pD=/7 d V ! ,pd r ^v p (A^Ap — Af a 3 p ) d r ri* 3 PqJ~ 1 dxdt 

+ lV-i f T fjv l . P d"V, a 7- 1 



(6.65) 



Jfl 



/Af (A?AJ -AfflJ) d'rf 3 p 2 r 2 dxdt. 



(6.66) 



Then, by the same arguments as for 06.44j ) and ( 6.47[ ), we can estimate ( |6.65| ) and ( |6.66| ), and 
then 



I Q635D I ^M Q + CTP( sup E r (t)). 

[0,71 

It is easy to see that ( |6.56[ ) has the same bounds. Thus, we obtain the estimates of Q6.24D and 
then of ( |5.22| ), i.e., 



| (|02D 1 ^M Q + CTP(supE r (t)). 

[0,71 

Case 4: s = r — 2 and r = 5. Integration by parts with respect to time gives 



JQ 



d r\ l k d U v {a\a l \-a\a\)\d v'jPqJ L dxdt 



q 



d 2 ri l k d 3 (j X {a[a\ -a\a\)\ r\ l jpfij 2 dx 



JQ 

T 



d 2 v\ k d 3 (j 1 (afa k -a\a\)\ r\ l jp 2 J 2 dxdt 



o JQ 



d^T} 1 k d t d" (J x {a{a k l -a k i a\)\d 5 r\ l jplj 2 dxdt 



^ ^ [ J X { a [A -d\ a \)\ tfl] 1 jPod t J 2 dxdt 



JQ 



■^5 



which can be controlled by Mo + C7\P(sup[ >r i E 5 (t)) from the Holder inequality and the funda- 
mental theorem of calculus. 
Therefore, we obtain 



(Ktydt 



^M + 8 sup E r {t) + sup E r (t) ) . 

[0,31 [0,r] 



Step 2. Analysis of the integral 3 2 - Similar to those of 3\, by ( |1.13bp , ( |1.13cD and r\ t = v, 

we have 

J 2 = - ajd' plj~ 2 d\\jdx+ I a]d' pQj~ 2 d r v l dxidx 2 = - / d' p 2 A-jj ~ 1 d'rj l tj dx. 



r„ 



Q 



Integration by parts shows that 



3 2 (t)dt= / d r p 2 (A{J- 1 ) t d r ri i jdxdt- d r p 2 AjJ- 1 d r ri i jdx 



10 JQ 



Q 



t=T 



d p 2 (Ajj~ x ) t d' t] 1 jdxdt — I d'pt [8/+ I (AjJ- l ) t dt ) d' i} 1 j{T)dx 



JQ 



Q 



2 XJ 
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which yields, by Holder's inequality and Sobolev's embedding theorem, that 



f 3 2 (t)dt 




d'Po 2 


.( 


Jo 




Po 





| 3 N|t+|M r div77|| 



^M + 8 sup E r (t) + C77>( sup E r (t)), 

[0,T] [0,T] 

where we require po G // max ( 4 ' r ) (Q) because, for r ^ 5, 



^Po 2 



Po 



m=0 



-=tot -=rr—m 

d p d po 



Po 



r(r-l)/2l 

^2 £ cr 



^C||^po||o + C 



dpc 



Po 



m=0 



ll^ Pollo + C 



-=tot -=rr—m 

d p d po 



<? Po 



Po 



Po 



ll^Polh 



^C||po|| r + C||po|| 4 ||po||r-l+C||po||3| 

^Cllpoll 

max(4,r) 5 

(6.67) 

by the higher order Hardy inequality. 

Step 3. Analysis of the integral J3. Similar to those of 3\, by ( |1.13b| ), ( |1.13c| ), ( |2.15[ ) and 

rj t = v, we have 



3 3 



Po<9'7 2 ajd'v l jdx+ I p^d' J 2 afd' v l dx\dx2 
Jr 



a 



2 I pld r \j- 3 dJ)ajd'v\jdx 
2 ! d r JAjd r v i J pp- 2 dx 



r-2 



+ 2£c;_j \ d r 1 S J- 3 d S+l Ja i l d r v\ J pldx. 



s=0 



Due to v = fy, we get 



($M=2 I d'rj\ l A l k d r v\ J A J i p 2 J- l dx 



r^i^y^VjA/p 2 /- 2 ^ 



dt J a 



a 

r kAl^r, A J n 2,-\ 



(6.68) 
(6.69) 

(6.70) 
(6.71) 



d Tj [A^d r]\jAfp$J- L dx+<$7nb 



+ / d r r] k ,d r r] 1 jA'j^AjdivrfVpoJ l dx 



d-^jd-^jiA^Dtpp-'dx. 



(6.72) 
(6.73) 



Noticing that d div r\ (0) = 0, integrating over [0, T] yields 

I (EMsdt' = ( \&w n d r r\{T)\ 2 plJ-\T)dx+ f [<^J% + + ^jMdt . 
Jo Jo. Jo 

By Holder's inequality and Sobolev's embedding theorem, we obtain 



( ]6T72D + <$7T$dt 



^CT sup ||p <9 VTj||g||v|| 3 ||Tj||^CrP(sup£ r (0). 

[o,r] [o,r] 



^M + CTP(supE r (t)). 

[0,T] 
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By integration by parts, we have 

F <Km=2Yc s r _i f T f d r ~ l ~ S a l J) S+X T} k ,d r v l j pij- 2 A J -dxdt 
Jo Jo Jo. 

= -2£c*_ 1 / f d r ' S a l k d s+l ri k I d'" l v\jpiJ- 2 Ajdxdt (6.74) 
- 2 EC-i/ / d r ~ l ~ S a{d s+2 ri k l d r ~ 1 v l jp l J- 2 A J i dxdt (6.75) 

S= Q JQ J£l 

y 2 J 1 

- 2 EC--i/ f d r ^ S a l k d S+1 ri k ^\\jd(pp- 2 Ai)dxdt. (6.76) 
We first consider ( 6.74[ ) and split it into four cases. 

Case 1: s = 0. By an L 2 -L°°-L 2 Holder inequality, the Sobolev embedding theorem and the 

— r—l 

fundamental theorem of calculus for the norm ||po<? Vv||o» we can easily get 
2 I I d r a l ^7] k ^ l v\jPp- 2 A{dxdt 

J J i"2 

Case 2: s = I. Integration by parts yields 

-2C\_ X II d r ' l a l k d 2 ri k l d'" 1 v i jpp- 2 A J i dxdt 

=1C\_ X II d r a ! k d\ k jd'^V jPp- 2 Ajdxdt 
Jo Jo. 

+ 2Cj._ l II 7~ l a ! k d 3 ri k l d r ~ 2 v\ J p l J- 2 Aidxdt 

J J 

+ 2C;_! f T f y~\i[d 2 ri k ,T~ 2 v l jd(pp- 2 A>)dxdt. 
Jo Jo. 

By an L 2 -L 6 -L 3 Holder inequality, ( |6.16| ) and the Sobolev embedding theorem, we get 

|(F78l)l + l(F80|)| ^M + CTP(supE r (t)). 

[0,T] 

By using ( |2.17[ ), it holds 

f^) = 2C r 1 _ 1 l T l T~ 2 [a77^ 9 J(AiA«-AfA^)la 3 7]^T _ V; y p V- 2 A/^ 
=2CjLj V,/3 (44 -AlA^t^jT^Vjpp^dxdt 

+ 2CJL, /7 ^ 1 7 ] ^3(AfA3-A^)^7 ] fc ^^V jPo 2 y- 1 A/^ 

m=0 J0 • 7n 



(6.77) 
(6.78) 
(6.79) 
(6.80) 



(6.81) 
(6.82) 



+2C r 1 _ 1 £c; 



r-3 




d 3 r] k jd r 2 v'jPqJ 2 A\dxdt 

(6.83) 

d 7} k pd r 2 v'jpQj^ 2 Ajdxdt. 

(6.84) 
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By using the L 6 -L 2 -L 3 Holder inequality for ( |6.81D and L 2 -L 6 -L 3 Holder inequality for ( |6.82| ) 
on higher order terms, together with ( |6.16D and the Sobolev embedding theorem, we get 

|(|OTDl + l(|6^)l ^M + CTP(supE r (t)). 

[0,7] 

From the L°°-L 6 -L 2 -L 3 Holder inequality for the case m = and L 6 -L°°-L 2 -L? Holder inequal- 
ity for the case 1 ^ m ^ r - 3 on higher order terms, together with ( |5.16[ ) and the Sobolev 
embedding theorem, we can get the same bounds for ( |5.83[ ) and fl6.84p . Then, we obtain 

| (§T7p | < M + CTP( sup E r {t) ) . 

[0,21 



Case 3: s = 2. By integration by parts, it yields 

•■T 



-2C L r _ x I I d r 2 a[d i r] k l d r \\ ] plr 2 A\dxdt 

J J £2 

~-2C 2 _ ! d r ~ 1 a l k d 3 ri k j d r ~ 2 v\j pp- 2 Ajdxdt 
+ 2C 2 r _ x f f d r ~ 2 a l k d 4 ri k ,d r ~ 2 v i jpp- 2 A J i dxdt 
+ 2C 2 _j (( T' 2 (^ 3 ri k )l T' 2 v i jd{piJ- 2 A{)dxdt. 

J J £"2 



(6.85) 
(6.86) 
(6.87) 
(6.88) 



It is clear that C^_ t ( |6.8^ ) = C 2 _ x Qfc.l% while the latter has been just estimated. By an L 6 -L 2 -L 3 
Holder inequality for higher order terms, ( 6.16[ ) and the Sobolev embedding theorem, we get 

[(gg7[)| + |(gg§)| <M + CTP (sup E r {t)). 

[0,T] 



That is, fl6.85| ) has the same bound Mq + C7\P(sup[ )T ] E r (t)). 
Case 4: s = r — 2 with r = 5. It is easy to see that 

d"a k lTr\ k l (Fv^jPoJ^Ajdxdt 



o >/£2 



(6.89) 



can be bounded by the desired bound in view of Holder's inequality and the fundamental theo- 
rem of calculus. 



Next, we consider ( |6.75[ ). Since for the case s = 

-2 II d r ~ l al~d 2 ri k ,<T~V jp2j- 2 A{dxdt = — ^fl6T7D, 
Jo in ' r- 1 



and for the case s = 1 



-=rr— 2 ;^r3 t -=rr— 1 



2C L r _ l I I d' "a l k d"t] k l d' l v\jpp- 2 A\dxdt 



C 



J£l 



C 2 

W-l 



(TO, 



we have the desired bounds. For the case 5 = 2, we have, by Holder's inequality and the Sobolev 
embedding theorem and the fundamental theorem of calculus, that 



-2C L r _ y I I f 3 a[d 4 ri k jd r l v\ j pp- 2 Ajdxdt 

J J i"2 



^Crsup||77|| rJ P(||7]|| 3 )||po^ V77 Ho 

[0,71 

^M + CTP(supE r (t)). 

[0,2] 



po d dfVrjdt 



+ \\p d r Vv(0)|| 
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For the case s = r — 2 and r = 5, 
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-2C r r Zf j da ! k d r ri k j / V j plr 2 A\dxdt 



^Crsup||Tj||4P(||Tj|| 3 )||po^VTj||o 

[0,71 

^M + CTP(supE r (t)). 

[0,T] 



p / d d 2 Vrjdt 



+ \\p d r Vv(0)|| 



For Q6.76D , by the Holder inequality, the Sobolev embedding theorem and the fundamental 
theorem of calculus, we can easily obtain the desired bounds. Thus, 

rT 



CLD) 



^M + CTP(supE r (t)). 

[0,31 



Now, we turn to the estimates of J ( \5.69\) dt. 

Case 1: s = 0. By ( |2.15| ) and integration by parts, we see that 

2 J J d r ~ l J~ 3 dJa j ^d r v\jpQdxdt 
= ~ 6 j^Jr~\j-^\ k A\)d n \ q AlA i ^%\ jP p 2 dxdt 

= - 6 f*]T~* l n l , k dn p „ q A\A],A^\\ } plr x dxdt 

-6 £C r m 2 11 T + \\ k 7- 1 - n \j-^A\)M\ q ^^\ 3 plJ 1 dxdt 

m=0 Jo J£l 

=6 fj/n\kdn P , q d r ~ l v\ jP p- x A\AlAidxdt 

+ 6 JoL ^ 1 71 1 ^ 71 P ^ 1 v ' J p ° 7 l/ ^ kq A dxdt 

+ 6 j T Jr~\\ k d^ A d r ~ X Vjd {pp-^A^ dxdt 

. n JO J Q, 



m 
r-2 



T + \\ k d r 1 m (/- 3 Af)dT7V r ^jPp^jAjdxdt 



o >/n 



m=0 
r-3 

m—0 

m=0 

r-3 



—r— 2— m , 3 — 2 „ — r— 1 



/o ./n 



(6.90) 



(6.91) 
(6.92) 
(6.93) 
(6.94) 

(6.95) 

(6.96) 



+ 6£C r m 2 / / d m+l T] 1 k d r 1 m (J- 3 A^)dri p q d r l v\ } d(plj 2 A q p A j ^dxdt. (6.97) 
m =o Awn \ / 

By the Holder inequality, the Sobolev embedding theorem and the fundamental theorem of 
calculus, we can easily obtain the desired bound 



M + 8 sup E r (t) + CTP( sup E r {t)) . 
[o,r] [0,31 



for ( |6^T| ) and (|6T93l)-(|6T97|). 
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For (6.92), we use integration by parts with respect to time to get 



(PI =6 / d r \\ k d 2 r?J VjpJrUfAjA/dfc 



t=T 



JO 
T 



d r l v\ k d 2 7]P q d r V jpp-^AipAjdxdt 



-6/" / / l T}\ k d 2 v p >q d r ^[jPp-^AjAjdxdt 



J£2 



6 JJ^ \\ k d^P )q d r l n \jd t [pp-'A^AlA^dxdt. 



It is clear that (§[99|) = -(|6T92|). Thus, 



(CT = ^((CT) + (|Oiq) + (FTlJT|)). 



Moreover, integration by parts yields 

fl6T00D =6 / / lf^\ k d 1 v p . q lf~ 1 ^\jPlr x A\Ay±\dxdt 







+ 6 / / / l rj\ k d 3 v I \ q d r 2 7] i j plj- x A k l A q p A{dxdt 



J £2 

+ 6jjd r ~ 1 7] l )k d 2 v p }q d r ~ 2 ri\ j d (plJ- l A\AlA J ^ dxdt. 

Since (^Tgg) = ( ggg ), we have from ( |Ol2l ) 

(|6^) = (F9^ + ( |6TTmi ) + ( F^ + ( |6TT05| ). 
By integration by parts, we get for t = T 



(6.98) 
(6.99) 
(6.100) 
(6.101) 

(6.102) 

(6.103) 
(6.104) 
(6.105) 

(6.106) 



( CT ) =-\2 J^d T] l k dr} p q d n\jPp~ x A k A\A\dx 

-6 j7-\\ k dr) p \ q r-\\ ] d(ptJ-'A k l AlA j )dx, 

which yields the desired bound for Q6.98P by using the Holder inequality, the Sobolev embed- 
ding theorem and the fundamental theorem of calculus. 
Integration by parts implies 

(6.107) 



( |6T0TD =6 /'/ d'' 2 il l , k d 3 ri p , q d r l T)\ ] d t (plr l A k A q p A j \dxdt 



o Jo 

T 



+ 6 I I d r ~ 2 ^\ k d^ p ^ q d r v\ ] d t (plJ- l A\AlA\)dxdt 

J J ^2 



+ 6 J J a d T[ k d 7] p ^ q d ^\ ] d t d[plr x A k l A%A\)dxdt. 



(6.108) 
(6.109) 



Due to (EJWb = -(OUT]), it follows that 



1 



which implies the desired bound for ( |5. 1 01 [ ) by using the Holder inequality and the Sobolev 
embedding theorem. It is clear that both ( J6.103D and ( |5 . 1 1 1 > have the same bound in view of 
the Holder inequality and the Sobolev embedding theorem. Thus, we have obtained 

|( |6^0T )| ^M + 8supE r (t)+CTP(supE r (t)). 

[0,21 [0,31 
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Case 2: s = 1. From (2.15), it follows that 



■r—2 i.^t2 „ i-^r 



2C\_ X I I d' ^J'^d^Jajd'jjpodxdt 



o Jo. 



(6.110) 



6C*_, / / d r 3 (j~ 3 A k dr{\ k ) d {jA q p driP q ) a/d Wjpfidxdt 



o Jfl 



r-3 



£ C-3 / / 3 

r-3 fT r — 



■r— 3— m 



7" 3 Af ) d m+1 7]\ k d (/Af) dr\ p q d'v\jplJA\dxdt (6.111) 



m=0 



-=-r— 3— m 



.7^ 



7~ 3 Af ) d m+l ri' k d 2 Ti p q d r v\ J pp 2 A J i Aj ) dxdt. (6.112) 



By using integration by parts with respect to d for ( |5.111| ) and the cases m = 0, r — 3 in ( |6.112D , 
and integration by parts with respect to time for the case m = 1 in ( |6.1 12[ ), together with the 
Holder inequality, the Sobolev embedding theorem, ( |6.16[ ) and the fundamental theorem of 
calculus, we obtain 



|( J67TT0| )| < M + 5 sup E r (t)+CTP(supE r (t)). 

[0,T] [0,T] 

Case 3: s = 2. By ( |2.15| ) and integration by parts, it yields 

2C 2 _ X [ T [ d^J-^JdW jPpAjdxdt 
Jo Jo. 

= -6c r 2 _j £c; 5 _ 4 f T f T + \\ k d r ~ A ~ n r 3 d 3 ^\ q 7 v \jA q p A j l A k l plj 2 dxdt 



(6.113) 



n=0 

r-4 1 



n=0 m=0 



- «£, E cu Ec?'// r + V,^~V- 3 3"V,,3 I ~" (««) 



JO. 



■ d v'jAjAfp^Jdxdt 

=6C?_ 1 £c*_4 /7 T + \\ k 7- A - n j- 3 tnP A 7-\\ j A^ j i A k l pp 1 dxdt 



(6.114) 



r-4 



+ 6Q 2 _ 1 £C r %/ / d n+ \\ k d r A n J~^n\ q d r \\ j AyiiA k l pp 2 dxdt (6.115) 
+ 6C 2 _j £C r % /7 T +1 T]\ k d 3 T] p !q d r ~\\ j d(d r ' 4 ~ n J- 3 A q p AjA k pp 2 )dxdt (6.116) 



n=0 

r-4 1 







n=0 m=0 



r-4 



+6^ £c«_ 4 £ c? / / d n+ W, k d r - 4 - n J- 3 d m+ \ 



Jfl 



■d 2 m {JAf)d r \\ 3 A\A\plJdxdt (6.117) 



n=0 m=0 



r-4 1 



+«*, ec-4 Ec? / 1 r +i ^,w- 4 -j^r +2 n 



JO. 



-zr2—m / _ . „\ -=rr— 1 



<9 (/A|)3 v'jAjAfppdxdt (6.118) 



«=0 m=0 



£ c_ 4 ec?/ / t y- 4 -"y- 3 r +1 n 



o >/o 



<9 3 m (JA$)d r \\jA\A\plJdxdt (6.119) 



9 

r-1 
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1 

[ 

m—Q 



rr—4—n 



d{d' " "j-^AlAfyl^dxdt. (6.120) 

Due to the case « = in (|6TT4b is equal to C^_ 1 (g9g), we have obtained the desired bound for 
this case of Q6.1 14Q . For Q6. 1 1 5D -( |67T20| ) and the case n = r - 4 with r = 5 of ( |6.114D , we can 
easily use the Holder inequality, the Sobolev embedding theorem and the fundamental theorem 
of calculus to get the desired bounds. Then, so does ( |6.1 13[ ). 

Case 4: s = r — 2 with r = 5. Integration by parts with respect to time yields 

^ f — _-,-zrA j—5 ■ 9 

dJ a Ja\d V^p^dxdt 



JQ 

dJ • - 5 

Q 



<97 (9 Ja\ d rj l jpQdx 



d,(dJ 3 aj)d^Jd"r] 1 jp§dxdt 



^4 



o Jo Jq 



JQ 



dJ 3 d t d Ja\d Tj l jp^dxdt 



JQ 



dJ 3 d Ja\d Tj l jpQdxdt 



which can be easily controlled by the desired bound in view of the Holder inequality and the 
fundamental theorem of calculus. 

Therefore, combining with four cases, we obtain 



^M + 8 sup E r (t)+ CTP( sup E r (t)). 

[0,T] [0,T] 



(6.121) 



Step 4. Analysis of the remainder 3 4. 

For / = 0, we have from the Holder inequality, the Sobolev embedding theorem and the 
Cauchy inequality that 



JQ 



d pov' t d Vdxdt 



<CT||po||$ 0) 



d Po 



Po 



11 

sup ||p ' d v||o||v f ||2 

[0,T] 

1/23"^.||2 , ^t4il. ||4 



^IIPo|l2llPo||;+i+5sup||p^^ v\\Z + CT«\\v t \\« 2 

[0,T] 

<M + 8 sup E r {t) + CTP( sup E r (t)), 

[0,T] [0,21 

where we need the condition po E H r+l (Q) in view of higher-order Hardy's inequality. 
For / = 1, we have, at a similar way, that 



JQ 



d podv' t d v l dxdt 



<cr||p ||^ 2 (a) 



d po 



Po 



11 „ 1/23' 

sup \\p Q ' d v||o||v f || 3 



0,21 



^llPollzllPoll^ + ^supiip^/v^+cr 4 !!^^ 



[07] 

^M + 8 sup E r {t) + CTP( sup E r {t)). 

[0,T] [0,T] 

For I = 2, we get, by the Holder inequality and the Sobolev embedding theorem, 

rT 



JQ. 



—r—2 —2 — r ■ 

d pod v\d v'dxdt 



^cr||p ||^ 2 (n) 



3 r ~ 2 
d Po 



Po 



sup || d v\\a\\d v t \\\ 

1 [o,r] 



^llpo||^||Po||^ + 5sup||p 1/2 ^v||^ + cr 4 ||vH|^ 

[0,21 
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^M + 8mpE r (t)+CTP(supE r (t)). 

[0,T] [0,T] 

For I = 3, we obtain, by the Holder inequality and the Sobolev embedding theorem, that 



— r— 3 — 3 — r ■ 

d pod v' t d v'dxdt 



3 r-3 
d po 



Po 



sup ||p 1/2 <9 r v|| ||^ v f ||o 



OT 



JQ 

<IIPo||il|Po||^ + 5s U p|| Po 1/2 rv||g+cr 4 ||v f g 

[0,T] 

^M + 8 sup E r {t) + CTP( sup E r {t) ) . 

[0,T] [0,T] 

For / = 4 with r = 5, we have, by the Holder inequality and the Sobolev embedding theorem, 
that 



o JQ 



-r—4 —4 — r ■ 

d po<9 v'fd v'dxdt 



<CT\\Po\\]L\ a) 



3 r-4 
d Po 



Po 



sup ||p 1/2 a r v|| |P v f || 

[0,T] 
1/2- 



^l|po|||||Po|i;-i + 5sup||p ^^v||^+Cr 4 ||v f ||a 

[0,31 

^M + 8 sup E r {t) + CTP( sup E r {t)). 

[0,3*] [o,r] 



Step 5. Analysis of the remainders J5 and 3$. By integration by parts, Q2.16D , ( |1.13bD and 
( ]1 . 1 3cj ) for I = 1, • • • , r— 1, we have 



T r ~ 1 rT 

I 







3 5 dt = Yc r 



d r l ajd l (pQj 2 )d r v'jdxdt. 



which can be written as, by integration by parts with respect to time, 



£3/ d r 'ajd'iplj-Wrtjdx 



1=1 



Q 



t=T 



1=\ 



£c,' / / d r l a J ll d'(p 2 J- 2 )d r ri l J dxdt 



JQ 



1=1 



Y,C l r I I d r 'aid l (pid t J- 2 )d r T] l jdxdt. 



JQ 



(6.122) 
(6.123) 
(6.124) 



Case 1: 1=1. By using the fundamental theorem of calculus twice and ( |2.13[ ), we get for 
(15TT22D 



^r-l 



Q 



d'-aj^dipij-^d'^J^dx 



^r-1 



Q 



d' l aj(T)dpp- 2 (T)d ri\j(T)dx 

2 [ ^ 1 a/(r)p 2 7- 2 (r)A^(r)^r ] ^ p (r)Tr ] ' J (r)^ 



Q 



5' i a J ti dtJ- 2 (T)dp^d''q l j(T)dx-2 I I d' ± a J ti dtJ- I APdr]^ p p^d''n l j(T)dx 



Q JO 



rr-1 



,3 ,7, 7-2, 



f2 .7 



^Cr||po|| 3 P(sup£ r (0) l + ||pod Vvjo \\pod Vr7 ||o 

[0,T] V 

^M + 8 sup E r {t) + CTP( sup E r {t)). 

[0,31 [0,r] 
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Similarly, we have for (6.123) 



JQ. 



d' x a/-<9(po7 2 )d r r\ l jdxdt 



^ M + 8 sup E r (t)+ CTP( sup E r (t) ) . 
[o,r] [o,t] 



For Q6. 1 24[ ), it is harder to be controlled than ( |5.122[ ) and ( |5.123D . We write it as 



lo JQ. 

-iff 7~ X a j J)plj- 2 A p q v\ p d r r)\ jdxdt 
+ 2 f f d r ~ l a j t pld(r 2 AP q )v\ p d r r}\ jdxdt 



JQ. 
T 



+ 2 1 I d r l a^plJ- 2 A p q dv q , p d' 7]' p dxdt 



10 Jo. 



+ 2 1 I d r l a]p 2 J- 2 AP q dv\ p d r r]\,dxdt. 



JQ. 



(6.125) 
(6.126) 
(6.127) 
(6.128) 



It is easy to see that ( |6.125[ ) and ( |6.126[ ) are bounded by 

M + 8 sup Er(t) + C77>( sup Er(t) ) . 

[0,T] [0,T] 

By integration by parts, Holder's inequality, ( B.16[ ) and Sobolev's embedding theorem, it holds 
d6J2p = -2 f f d r ~ l af pAPdv^pTrfpp-Zdxdt 

-2 f T f F _1 afAf dv^pd'rfpp-idxdt 
-2 f f d r ^a l ^APdv q ^d r ri i pp- 2 dxdt 
2 f fd r ~ l afAPdv q !P d r rj i (pi) p r 2 dxdt 



JQ 



< 



||poafl||o||t?|lil|avv||i||poatj||i* 



+ iipoibll^ flllollnllSllnllrliavviiiiipda'tjiiiA 



+ \\Poh\\d flllollTJ^II^VvllillpodTilliA 



+1* 



+ / \\p \\ 2 \\d' aWoMiwd -vvy^wpod' rihdt 



+ f \\p \\ 3 \\d r 'flllollAHzliaVvllillpo^Tillidf 
Jo 

^M + 8 sup E r (t) + CTP{ sup E r (t)). 

[0,T] [0,T] 

For ( |6.128| ), we can easily get the desired bound by an L 6 -L 3 -L 2 Holder's inequality and the 
Sobolev embedding theorem because each component of a] is quadratic in drj due to fll.9p. 
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Case 2: I = 2. By the fundamental theorem of calculus, Holder's inequality and the Sobolev 
embedding theorem, we can see that 



d r 2 a{d 2 (plJ- 2 )d'T)\ j dx 



a 



t=T 



^M + 8 sup E r (t) + CTP( sup E r {t)). 

[o,r] [o,r] 



From ( |2.18[ ), the Holder inequality, the Sobolev embedding theorem and ( |5.16| ), it yields 



JQ. 



d a ] ti d (PqJ )d r\ l jdxdt 



JQ 



d' "(Jv« :P (AiA?-A%A{))d (piJ- 2 )d n'jdxdt 

Jd r ~ 2 v q , p (Apif -APAi)pp- 2 A>ld 2 ri l fitfrfj dxdt + remainders 



JQ 



rT r _2 r 

<C||po||2 / ||<? ^ v llL 3 (fi) II 7 ? IUIPo<? Vtj 1 1 odt + remainders 
^M + 8 sup E r (t)+CTP '(sup E r (t)), 

[0,21 [0,T] 

since the remainders can be easily controlled by the desired bound. 
Similarly, we can get the bound for the last integral 



JQ 



d ajd (pQd t J )d r]' jdxdt 



^ M + 8 sup E r (t) + CTP( sup E r {t)). 

[o,t] [o,r] 



Case 3: 1 = 3. By using the Holder inequality, the Sobolev embedding theorem and the funda- 
mental theorem of calculus, the spatial integral ( |6.122[ ) can be bounded by Mo + 8 sup^j-] E r (t) + 
CTP(supp T }E r (t)). Similarly, we can get the same bound for the first space-time integral 
( |6.123| ). Since the norm ||pod 2 /~ 2 ||3 is contained in the energy function E r (t), the last space- 
time integral ( |6.124D have the same bound by the Holder inequality, the Sobolev embedding 
theorem and the fundamental theorem of calculus. 

Case 4: I = r — 1 and r = 5. They can be easily controlled by the desired bound, especially 
with the help of the fundamental theorem of calculus for ( |6.124[ ). 

We can deal with the integrals in by using a similar argument and we omit the details for 
simplicity. 

Step 6. Summing identities. Integrating ( |0| ) over [0, T], by Holder's inequality and 
Cauchy's inequality, we have, for sufficiently small T such that 



1 

2Jq 
~'2.Iq 



po\o v\ dx + 
po\d uo\ 2 dx- 



1 

2JqI 
1 f T 



iV^d'-^ + ldivTjd'T]! 2 - (curlj, <9't]| 2 PqJ l dx 



2 Jo Jq 



+ 9/ / 

2 Jo Jq 



V n d 7]\ +\div n d 7]\ -|curl,j^ T]\ p$J div^vdxdt 



1 r T r — — r T 

1 1 d r 7]\ k d r 7]\ j d t (A k i A J l -A J i A k l )plj- l dxdt- I d' p^AjJ' L ) t d' rj'jdxdt 

fT 



+ j^d r pl&iv n d r T}(T)J- l dx- + (|E73D + (]677TD + (CT)1^ + J [% + 3 5 + 3 6 }dt 

^M + 8 sup E r (t)+CTP '(sup E r {t)). 

[0,T] [0,T] 

By the fundamental theorem of calculus, we have 

y 71 d r r 1 \ 2 p 2 J- 1 dx= [jV 71 d r riy i (Vr 1 d r T 1 y i p 2 J- 1 dx= fj r riJ\ s Afd r r]j )P Afpp- 1 dx 



Q 



Q 



Q 
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= J^\d r Vj 1 \ 2 dx + jf (j\AjJ- l W)dt^ o»V,. ^A^dt'^j d r n \ p dx 
+ j a Pt{v7v)\(j\w)dA d r r 1 \ p dx + / n P 2 (V^)/ fj\Ap- l W)dA d r T) j s dx, 



which yields 



sup 

[0,71 



IIPoV^lliHlPo^lli! 



^cr 2 sup||poa vnllglMiJ.iiiTiiiJ+crsupiipoa vtjIISimi,.-!!,.,,,,.. 

[o,r] [o,t] 
Thus, taking T so small that Cr||v|| r _i ||t] ||^ ^ 1/6, we obtain 

- sup \\p d r Vri 1 1 o «S sup HPoV^/t] || ^ - sup ||p ^ V77 1| . (6.129) 
1 [o,r] [o,r] 1 [o,t] 

Similarly, we have 

/ Idiv^ d r r\\ 2 plj~ l dx 

J 

= j^pl (d r divri + d r ri\ l J\r l A l k ) t dt^j (VdivT] +d r T]\j f Q A ii dt ^j dx 
= J po\d~ r dwri\ 2 dx + J pffidiv rjd'rf j (^J A j ti dt^jdx 
+ ^p 2 Tdivr 7 Tr 7 ^ / ^J\r l A l k ) t dt^ dx 

+ J^J- 1 Tr 1 k j ( f Q A\ k dt^ ^A J tl dt^ dx, (6.130) 



and 



J (curl,} d r r\\ 2 plj l dx 
= J a Po (Vcurlr] +£. i7 dV , jf (Af/ -1 ),^ (Vcurlr] + e. k ^ r j] 1 p jf Af^'^ 
= y pl\d r cm\r\\ 2 dx + £.ij j pld r cm\r\d r r\ j s (^J (Ap^^tdt^j dx 
+ £. u J^pl~d r cm\r\d r r\ l p ^jf Af k dt'^j dx 

+ e. lJ e. kl J^pid r r 1 { s ^{A\J- l ) t dt^j d\\ p [j^dAj dx, (6.131) 

which yields for a sufficiently small T that 

-sup ||p d divTj||o < sup Upodivrj^TjIlo < - sup ||p d divf] || , (6.132) 
2 [o,r] [o,r] 2 [o,r] 

1 — T — Y 3 — Y 

-sup||p <? curlr^Ho^supHpocurljja T]|| ^ -sup||p d curl?7 1| . (6.133) 

1 [o,r] [o,r] 1 [o,r] 

Thus, we obtain the desired inner estimates with the help of curl estimates. 
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Step 7: Boundary estimates. By Lemma [T4|, (|23|), the fundamental theorem of calculus 
and Holder's inequality, we obtain 



\d r r } a t 1/2 <\\d r r } \\l+\\curld r 'rjlll 



< 



< 



\\p d T?||^+||p V<9 77||^ + ||curl<9 r]^ 
Po / d vdt 







2 , Il„,„.i3 r_1 „,ll2 



+ llpoV<9T]||^ + ||curl«9 







< 



\\p \\ 2 T 2 sup OlP 1/2 <? r v||^ + IIPoV^^ \\ 2 + ||curl d" \ |g] 

fo,n 



□ 



which implies the desired estimates from curl estimates. 

7. The estimates for the time derivatives 

We have the following estimates. 

Proposition 7.1. Let r G {4, 5}. Then, for a small 5 > and the constant Mq depend on 1/5, 
we have 

sup ril^ 72 ^ 2 -^!^ -K ||>c»o^ 2 '"Vt7 ||g -f- ||>c»o^ 2 "ciiv T7 ^ M + 8 sup£ 5 (0 +CTP(supE 5 (t)). 

[0,71 L J [0,7] [0,71 

Proof. Acting d 2r on ( |1.13aD , and taking the L 2 (£i) -inner product with d 2r v', we obtain 

1 d 



2dt 



f p \d 2r v\ 2 dx + 3 l +3 2 = 3 3 , 
Jo, 



where 



Ji -j^^pp-^ rfWdx, 3 2 := j^pldfrj-^ rfWdx, 



2r-\ 



33:-- 



l=\ 



ZC> 2r ljr'ai(ptdiJ 



2r-lJ n 2^lr-2\ 32r,i 



dfWdx. 



Step 1. Analysis of the integral 3\. Integration by parts gives, by noticing that d 2r a]d 2r v l = 
on To, that 



3i=- I d 2r a{d 2r v l jpij- 2 dx+ I d 2r afd 2r v l pp- 2 dxidx 2 



a 



l2r„3 -)2r i' 2 t-2 



a 



r 

^ 2r_ 1 ( v 1 , k J 1 {a\a\ - a\4) ) d 2r v l j plr 2 dx 



Q. 



af-V^V ^Ajpp-'dx 
+ j d? r -W. k d} r v l } A\A\p 2 r x dx 

~ £ C 2r-l f^ r - l -W ^{r\a\a\-a\ai))dfW ^p 2 r 2 dx^ (7.3) 



(7.1) 
(7.2) 



Then, we have 



1 d 



}2r-l ,,|2„2 r- 1 



O = - 2j t j a l div ^ C~ 1 v| 2 Po^~ 1 ^+ 5 /„ arVjkdTVj d t (AiAj)pp- l dx 



li/lA rt 2,-l 



2 7n 



+ i^|div 7? ^-l v |2 p 2 o)f7 -l Jx 
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It follows from (2.2) that 



1 



df-W^Ajdfv'j =-d t [ | Vjj dj v | — | curl,} df v| ] — - df r ~ v ^ d 2r ~ V ■ d t (A^Aj ) . 



Thus, we have 



) = ~ J a [I V^vl 2 - |curi„ ^^vl 2 ] p 2 /^ 



~2Jn ' v \j d ^m)Pi U~ l dx. 

Step 2. Analysis of the integral ?2- Similar to those of 3i, by noticing that afd 2r v l = on 
r , we get 



?2 



Q. 



ajdf r v l jp^d t Zr J- z dx+ I a i i df r v l p^d t lr r l dxxdx 2 

r 



-2 / AldfWjA^-W^pp-'dx 



n 



(7.4) 



i=0 

2-(0) + O. 



Thus, we obtain by integrating over [0, T] 
1 p |d 2r v| 2 ^+ 1 jf [|V n a 2 '- 1 v| 2 + |div^ d} r -\\ 2 - |curl, df r - l v\ % ] pp- l dx 
^ P ° 1 ^ V (0) 1 2 ^ + ^ ,4 1 1 V ^ 2 ^ 1 v (0) | 2 + | div 1 v (0) | 2 - | curl 1 v (0) | 2 ] p 

\ JoL [' v i^ lv l 2 + l div? 7 ^M 2 - l curl i 4 2 ''~ lv l 2 ] Pld t r l dxdt 

df r -\\ k df r - l V : .d t (A^Aj)pp- l dxdt 
d 2r ~ V )fe ^"Vj d t (A^Aj)pp- l dxdt 



2. 
+ 

+ 



1 f r 



2 Jo 

i r r i 



^ 2 Jo J a 



)dt- / (7.4)*+ / J3</f+ / 34* 



The first three space-time double integrals can be absorbed by the left hand side as long as T is 
sufficiently small. 

Step 3. Analysis of the remainder ^L%dt. Integration by parts with respect to time gives 



2r-l 



2r-\ 



0*= £ a-l df r ~ l ~ s -J ^ df (J {A\A\ — A\A\)) d? r v l j p§J~ 2 dxdt 



S=\ 
2r-\ 



£ Ci r _, I d 2r - s i 1 \ k d t \J(A{A^-A^Ai))d 2r i 1 \ J p 2 J- 2 dx 



a 



(7.5) 



£ Q^-W^iM^-^M^vfj^dxdt (7.6) 
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5=1 

2r-l 



E CL, / d 2r ~ s r\ 1 k d t s+ 1 (J(AjA k -A k A\))df r r\ 'j pQj~ 2 dxdt (7.7) 



s=l 



^I C 2,-i/ / df~ s r\ k df {J (AjA k — A k Aj))d 2r ri l j pfidtJ dxdt. (7.8) 



JO 



We first consider (J7.6p. For the cases s = 1,2, it is easy to get the desired bounds by the 

Holder inequality and the Sobolev embedding theorem. For the case s = 3, 

i-T r . . 

\Lr-2„l ^3/ k 4 J A k _ A k A J\\^2r„i n 2-,-2 AvA , (J Sf) 



10 JO 

i-T 



10 JO 



dr^^kdaKm-A^df^^j-'dxdt 

d? r -W, k d?(J(4 A\ -A k 4 ))dfW^ Pp- 2 dxdt 



+ J q J^W,? #(/(A 3 Af -A^A]))d^i]\ 3 plj- 2 dxdt. 



(7.10) 



(7.11) 



It is clear that ( |7. 1 1[ ) is easy to deal with by an L 6 -L 3 -L 2 Holder inequality. For ( |7.10[ ), integra- 
tion by parts yields 



CT ) 



df'-W,kfi d?(J(AW -A^))dfn l p^dxdt 



P Ak Ak*P\\32r„i n 2 T -2, 



JO 
T 



(7.12) 



-// d^-W^hJiAfA'-A^^d^^pp^dxdt (7.13) 

- H dr-WM d hJ^A k -A\A^))df^\plJ- 2 ) fi dxdt, (7.14) 
which, then, can be controlled easily by the desired bound by an L 2 -L 3 -L 6 Holder inequality, in 



addition for ( |7.13[ ), with the help of 

||^ D r i m ri t \\ 2 L3 ^ T]xa) 



^CT 2/3 
<CT 2/3 



)2m+2 r^r— 1— m„ 



\\drD r -'- m v(0)\\l m + SU P \\df m D r -^ m r 1 \\ 1 \\dr +l D' ,,no 



[0,21 



\\d 2m D r - l - m v(0) \\i 3{ + sup ||4 



2m. 



\\d? m+2 V\\r-l-„ 



^M + CTP(supE r (t)). 

[0,T] 



(7.15) 



for the integer ^ m ^ r — 1 due to (|3.1|). 
For the case 5 = 4, 

)2r-3„l j4crM^/tfe /\^/\./^^2r„/ .2,-2, 



/0 ./n 



/o Jo 



dr^^^JiAjAf-A^df^jP^dxdt 
d 2r -W, k d?(J(A? A\ -A k Af ))^ 2 't ? \ /3 p 2 r 2 dxdt 



+ I I drW,^{J{A^ -A^A]))dfW^Pp- 2 dxdt. 



(7.16) 
(7.17) 
(7.18) 



It is clear that ( |7.18[ ) is easy to be dealt with by an L 6 -L 3 -L 2 Holder inequality. For ( |7.17| ), 
integration by parts yields 



( f7T7p 



o JO 
T 



tf'-Ww tf(J(AW -A^))dfn l p^dxdt 



\P A k_ A k A P^22r„i n 2 T -2, 
iP A k_ A k A ^ 



2r„iJ2 i-2. 



(7.19) 
(7.20) 
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JQ. 



df r -S\ k dXj^ i A k l -A k l A^ l ))df r 7 ] i {plj- 2 ) fi dxdt. (7.21) 



By an L 2 -L 3 -L 6 Holder inequality, ( fTTTPP and ( J72ID can be easily estimated. We can also use 
an L 3 -L 2 -L 6 Holder inequality to control ( f73fl ) since df r ~ A Wt] t G L 3 ([0, 7/] x fl) due to ( f7TB| ). 
For the case 5 = 5, 



o 

r 



/o 

rT 



d? r -W,kdhKH^-A\A\))d?WjPp- 2 dxdt 
d? r - 4 r 1 \ k d^J(ApA k -A k Af))d? r r 1 \ pP p- 2 dxdt 



+ I I drW,pd?(J(A]Af-A?Al))d? r V \ 3 piJ- 2 dxdt. 



(7.22) 
(7.23) 
(7.24) 



It is easy to see that Q7.24D is well estimated by an L 6 -L 3 -L 2 Holder inequality. For ( |7.23D , 
integration by parts implies 



0=-^ j a df'-W^ d t \J(A?A k -A^dfWpP^dxdt 



!J a ^fl l ^{J{AfAi-AfAf)) tP ^fi i piJ- 2 dxdt 
~ H d^W^Hj^A'-A^d^'ipp-^^dxdt. 



(7.25) 
(7.26) 
(7.27) 



By an L 2 -L 3 -L 6 Holder inequality, ( |7.25| ) and ( |7.27[ ) can be easily estimated. We can use an 
L?-L 2 -Lr Holder inequality to control ( [7.2UP because of pod t 5 dVri G L 2 (Q.) in view of the fun- 
damental theorem of calculus. 
For the case 5 = 6, 

H d 2r - 5 n \ k df{J{AlA k l -A k i A{))dfW jP p- 2 dxdt (7.28) 

JO JQ. 



d 2r - 5 7 1 \ k d t \j(AfA k -A k Af))d 2r r 1 \ p p 2 J- 2 dxdt 
I I d 2r ~W ,^f{J{A^ -A^A}))d 2 W,3Pp- 2 dxdt. 



10 JQ. 

rT 



(7.29) 
(7.30) 



For ( [7.30D , it can be controlled by £5 (t) instead of E^it) when r = 4; while we can get the desired 
bound Mq + 5 sup [or] £5(0 + CTP(sup^ T -iE5(t)) for r = 5 by an L 6 -L 3 -L 2 Holder inequality. 
For ( |7.29D , integration by parts implies 

(H2?])=- f T f d 2r - 5 n\ kp df{J{A^A k -A^dfn'pp^dxdt (7.31) 



I J tf^W ,k^(J{A^Al-AfA^)) p dfr] l pp- 2 dxdt (7.32) 



2r„iJl 1-2, 



df r - 5 7 ] \ k df{J{A P i A k -A k i A^))d^7 ] i {p 2 J- 2 ) p dxdt, (7.33) 



J a 



which can be controlled by the desired bound in view of the L?-L 2 -L 6 Holder inequality and 
with the help of ( [7713] ) additionally for ( fTTJTj ). 

For the cases 5 = 7, and s = 8,9 with r = 5, they are easy to be controlled by the desired 
bound via the Holder inequality. 

Next, we consider (|777|). For the cases s — 1,6,7, and s = 8,9 with r = 5, it is easy to get 
the desired bounds by the Holder inequality and the Sobolev embedding theorem. For the case 
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s = 2, 



10 JO 

rT 



10 JO 



2r-2„l j3. 



- IJ a d r^ l ,P $W?A? -AfA]))d^rj\ 3 pp- 2 dxdt. 



By integration by parts, we have 

-T 



= -/ / d} r -\\ k ^{J{A^A\-A k l A%d}^ i plr 1 dxdt 
- /^^''- 2 T?^,^(7(AfAf-AfAf))^2''77'p 2 7- 2 ^ 



d^-W, k d t \J(A^-AfA^))df r V \ P ^)^dxdt 



JO 



(7.34) 

(7.35) 

(7.36) 
(7.37) 
(7.38) 



The L 2 -L 3 -L 6 Holder inequality gives the desired bounds for ( [7.36[ ) and ( |7.38[ ). For ( J7.37P , we 
can use an L 2 -L?-L 6 Holder inequality and fl7.15| ) to get the bound. For ( |7.35D , we can obtain 
the desired bound by using an L-L 3 -L 2 Holder inequality. 

For the case s = 3, by an L?-Lr-L 2 Holder inequality and < J7. 1 5| ), we get 

^ *^ 2r ~ 3 ^ 1 > k ^ ^ (Mrf ~ A\A\)) d 2r 7] 'j pQj~ 2 dxdt 
^CT 2 / 3 ||po|| 2 ||^- 4 VT7 ? |lz.3 ([0 ^]x^) sup ||^ 4 (yA^)|| Zj6( ^ ) ||po^V7 ? ||o 

[0,T] 

^M + 8 sup E r {t) + CTP( sup E r (t)). 

[0,T] [0,T] 



For the case s = 4, by an L 6 -L 3 -L 2 Holder inequality and ( J7.15D , we get 

> J £h 

<CT 2 / 3 ||po|| 2 ||^ 5 (X4^)||^3 ([0 ^ ]>< ^ ) sup ||^- 4 VT7|L ( s ( ^ ) ||po^VT7||o 

^M + 8 sup E r (t) + CTP( sup E r (?) ) . 

[o,r] [o,r] 

For the case s = 5, we write 

>-t r . . 

)2r-5„l ^6/T/Aj A k AkA]\\^2r n i n 2 T -2 



10 JO 



10 JO. 



df V ,k^t(J iM^-l ~ AiAj ) ) dfx\ l j PqJ dxdt 
d 2r - 5 7 ] \ k df{J{A^A k l -A^ l ))df r 7 ] l fi p 2 J- 2 dxdt 



+ J q J a ^~^ l ,P #W?A? -A^A]))dfW,3Pp~ 2 dxdt. 



(7.39) 
(7.40) 



For ( |7.39P , integration by parts gives 



arm 



JO 

T 



% r ~Ww WWA* -AW)Wi) l p^dxdt 



ij^-w^nn^-AfA^pdrTj'pp-'dxdt 



tf( i(p$ A k —A k A^^- i2r ' nin2 1 ~ 2 - 



2r„iJ2 i-2. 
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JO 



which has the desired bound by using an L 3 -L 2 -L 6 Holder inequality for three double integrals 
and ( [7.15D for the first integral additionally. For the integral ( J7.4QD , we have to use E$(t) to 
control it, especially for r = 4, as the same as the case s = 6 in fl7.6|). 

The spatial integral ( [731 ) can be treated similarly as for ([7/7J) with the help of the fundamental 
theorem of calculus for one lower order term in order to get the factor T. For the last integral 
([7.8[), it is much easier to get the bound than (|7.7|), thus we omit the details. Therefore, we have 
obtained 

n>dt < M + 5 sup E 5 (t) + CTP( sup E 5 (t) ) . 

[0,T] [0,T] 

Step 4. Analysis of the remainder f T fihtydt. By integration by parts with respect to time, 
we get 

tfLtydt =2 £ f T f d? r v\ J d? r - l - s (J- 2 A k l )d°v\ k plJA J J dxdt 



s=0 

2r-2 



JO 



=2 £ C| r _j / d? r 1 \ j d? r - 1 -*(J- 2 A k l )d?v\ kP pA{dx 

s=0 J£1 

-2 £ 0_! n d^jd^iJ-^dfv^kPpAidxdt 



s=0 
2r-2 

j=0 
2r-2 



./fl 



d} r ^\ 3 d} r - x -\r 2 A\)d^\\ k plJA\dxdt 



s=0 



2 L / / d 2 ^\ ] d^- l - s {J- 2 A\)d^, k p 2 d t {JA^dxdt. 



Jil 



(7.41) 
(7.42) 
(7.43) 
(7.44) 



We first consider the double integral ( |7.42[ ). For the case s = 0, we write it as 



1 r d 2 '^ jd^iJ-^v^kppAjdxdt = £ C J 



JO 



-<;;! 

-2r 



m=0 



d 2r 7] \j d™r 2 d} r - m A\v l ,k ppAjdxdt. 



JO. 



For m = 0,3,2r— l,2r, we can use the Holder inequality, ( |7.15| ) and the Sobolev embedding 
theorem to get the desired bound. In particular, we have to use an L 2 -L 3 -L 6 Holder inequality 
and ( [7.15D to deal with the integral involving the terms of the form d 2ri V 'r\d 2r ~ 3 V 'r\dfV T] in 
order to get the bound. For m = 1 , 2,4, • • • , 2r — 2, we can only apply the Holder inequality and 
the Sobolev embedding theorem to get the desired bound by noticing that pod 2e J~ 2 E H r ~^(Cl) 
for0<£^r-l. 

For the case 5=1, since v t E H r ~ l (Q.), or Vv f E L°°(Q.), it is similar to and easier than those 
of the case s = 0. We omit the details. 
For the case s = 2, we have 

, l r d 2r ri\ J d 2r - 2 (J- 2 A'l)d 2 v l >k ppAjdxdt 



10 Jo 

2r-2 
m—0 



i2r^,i ~\m r— 2 ~\2r— 2— m tk ~\2,.l 



JO 



Aid 2 v\ k pQjAjdxdt. 



For m — 0, we must use E$(t) to control \\d t Vv\\u»(q\ when r = 4; while it is easy to get the 
desired bound for r = 5. For m = 1, we can use an L 2 -L?-L 6 Holder inequality and ( |7.15D to 
obtain the desired bound, i.e., Mq + 8 sup^j] E r (t) +CTP(sup^ ^E r (t)). For m = 2, • •• ,2r — 
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2, they are controlled by the desired bounds by using the Holder inequality and the Sobolev 
embedding theorem. 

For the case s = 3, we get 

; r d? r r}\ ] d? r -\j- 2 A k l )d?v\ k ppA i i dxdt 



'0 Jo 

2r-3 
m—0 



m 

2r-3 



10 JO 
2 T 3 T 6 



d? r r}\ j d' t n J- 2 d? r - 3 - m A k l d?v\ k plJA{dxdt. 



For m = 0, we can use an L -L -L° Holder inequality and Q7.15P to obtain the desired bound. 
For m = 1, • • • , 2r — 3, they are controlled by the desired bounds by using the Holder inequality 
and the Sobolev embedding theorem. 

For the case s = 4, we can use an L 2 -L 6 -L 3 Holder inequality, and fl7.15p for r = 4 additionally, 
to obtain the desired bound. For the cases s = 5, • • ■ , 2r — 2, we can use the Holder inequality 
and the Sobolev embedding theorem to get the desired bounds. 
Next, we consider the integral fl7.43| ). For the case s = 0, we have 

d} r r\\jd} r -\r 2 A\)d t v\ k plJA\dxdt 



10 JO 

2r-l 

m=0 



•m 

2r-l 



2r „i ~\m t— 2 ~\2r— 1— m \k ~\ ,.l 



JO 



d t Ir ri',d; n r z d; 



A k d t v l k PoJAjdxdt. 



which can be controlled by the desired bound by using the Holder inequality and the Sobolev 
embedding theorem. 

For the case s = 1, it follows that 



dtl'j % (J A]) dfv\ k ppAjdxdt 



10 Jo 

2r-2 

= Ec 

m—0 



m 

2r-2 



JO 



d 2r r) 1 jd; n J- 2 d 2r - 2 -' n A k d 2 v l yk ppAidxdt. 



For m = 0, we can have to use the fact v G H 4 (Ci), which is contained in E 5 (t), for all cases 
r = 4, 5 to obtain 



o Jo 



dtl\j r 2 d 2r - 2 A k d 2 v l >k p^JAjdxdt 



^ M + 8 sup E 5 (t ) + CTP( sup E 5 (t)). 

[0,T] [0,T] 



For m = 1, we can use an L 2 -L 3 -L 6 Holder inequality, ( [7 . 1 5p and the Sobolev embedding the- 
orem to get the desired bound. For other cases of m, we can use the Holder inequality and the 
Sobolev embedding theorem to get the desired bound by noticing that pod 2e J~ 2 G H r ~^(D.) for 
^ £ ^ r — 1 with the help of the fundamental theorem of calculus if necessary. 
For the case s = 2, we get 

df r ^ jdf r -^{J- 2 A\)dfv\ k ppA{dxdt 



10 JO 

2r-3 

m—0 



m 

2r-3 



T 

o Jo 



d^^jdrj^d^-'^d^^ppAjdxdt, 



which can be controlled by the desired bound by using the Holder inequality and the Sobolev 
embedding theorem, in addition, with the help of ( J7.15| ) for m = 0. 

For other cases of s, we can use similar argument to get the desired bounds and omit the 
details. 
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For the spatial integral ( [7.4ip , we can use the same argument as for Q7.43D to get the desired 
bound with the help of the fundamental theorem of calculus. For the double integral ( |7.44| ), it is 
easier to get the bound than either fl7.42| ) or ( |7.43[ ) and thus we omit the details. Therefore, we 
obtain the estimates for f Q T tfLtydt, i.e., 

-T 

(fTfydt ^M + 5 sup E 5 (t) + CTP( sup E 5 (t) ) . 

[0,T] [0,T] 

Step 5. Analysis of the remainder J J^dt. By integration by parts with respect to the 
spatial variables and the time variable, respectively, we obtain 



2r-l 



3 3 dt = £ C l 2r J^ J^d? r - 1 a ] l d l t J- 1 d? r v l ^Idxdt 

1=1 J£l U 

~ L C[ r JJ^+ l - l a\d l t J- 2 d} r T)\ ]P ldxdt 



1=1 



(7.45) 
(7.46) 
(7.47) 



due to d} r - l a]d} r v l = on r . 

We first consider ( [7.46D . For the case 1 = 1, 
"T r 

d} r a\d t r 2 d} r T\ l -pldxdt 



10 JO 



10 JO 
2r-l 



d} r -\drf q r\a\al-a]a } p ))d t r 1 d} r rf fildxdt 
Jo 



E^-i / d 2r - s r 1 P^(J-\aial-ay p ))d 2r r 1 \ J pid t r 2 dxdt 

? _ i JO J Q, 

+ H df^P^^\ ]P ld t J- 2 J{A{Al-A^ p )dxdt. 



o Jo 



(7.48) 



(7.49) 



Since d t r 2 G L°°(Q), we can use a similar argument as in ( f7~73t > to get the estimates of ( |7.48| ). 
For ( [7.49D , we easily have 

I ( OH )l ^CT sup\\p d 2r Vr]\\ 2 \\Vv\\2P(E 4 (t)) ^CTP(supE r (t)). 



[o.n 



[07] 



For the case 1 = 2, similar to the case / = 1, we can get the bound easily since d 2 J 2 E L X '(Q.) 
and we omit the details. For the case / = 3, we get 

df'- 2 a{dfj- 2 df r r] 1 jp^dxdt 



o JO 
T 



df r -\d t n\ q J-\a 1 i al-a^))dfj- 1 dfW,jPodxdt 

I ci-3 [ T [ ^^n^wr^q-^tfr^jjfidxdt (7.50) 



10 JO 

2r-3 



s=l 



+ I* I df r - 2 T] p q dfj- 2 df r T]\ j plj-\a\a q p -a q i a J p )dxdt. (7.51) 

'0 « fl 
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In d7.50t ), we use an l?-L 6 -L 2 Holder inequality and ( J7.15D for the higher order terms of the 
cases s = 1 and s = 2r — 3 and an L 6 -L 6 -L 6 -L 2 Holder inequality for the other cases to get the 
desired bounds. For ( |7.51[ ), since p§dfj~ 2 E H r ~ 2 (Cl) C L°°(Q), we can get the desired bound 
easily in view of the Holder inequality, the Sobolev embedding theorem and the fundamental 
theorem of calculus. For the case / = 4, we have the desired bound as a similar argument as for 
the case / = 3. For the case / = 2r — 3, we can use an LP-L?-L 2 Holder inequality and fl7.15D to 
get the desired bound. For the case / = 2r — 2, we use an L?-Lr-L? Holder inequality and the 

Sobolev embedding theorem to get the bound due to pod t J~ 2 E H l (Cl) C L 6 (Cl). For the 
case / = 2r — 1, it is similar to the case s = 1 in fl7.42| ) and we omit the details. For the other 
cases, we can easily get the desired bounds by using the Holder inequality and the Sobolev 
embedding theorem. 

Next, we consider ( [7.47[ ). Since the cases 1 ^ / ^ 2r — 2 are identical to the cases 2 ^ 
/ ^ 2r — 1 of ( |7.46p estimated just discussed up to some constant multipliers, we only need to 
consider the remainder case / = 2r — 1 . We can apply ( |1 . 1 1[) to split the integral of the case 



/ = 2r— 1 into two integrals. One of them can be used an L -L Holder inequality to get the 
estimates, the other one can be dealt with as the same arguments as for the case I = 2r — 1 of 
( |7.46| ) or the case s = 1 in ( |7.42| ). Thus, we omit the details. 

For the spatial integral ( [7.45[ ), it can be estimated as the same arguments as for ( J7.46| ) or 
( |7.47| ) with the help of the fundamental theorem of calculus whose details are omitted. 

Step 6. Summing inequalities. As the same argument as in the estimates of the horizontal 
derivatives, we can obtain the desired result by combining the previous inequalities. □ 



8. The estimates for the mixed time-horizontal derivatives 
We have the following estimates. 

Proposition 8.1. Let r E {4, 5} and 1 ^ m ^ r — 1. For 8 > and the constant Mq depend on 
1/5, we have 



sup 

[0,7] 



\p l /2 d 2m d r - m v\\ 2 + HpoV^/-'^ |]g + llpodiv^/^T] Wl+ld 2 ^ 2 



r—m— 1 jl 



^M + 8 HUpE r (t) + CT P (sup E r (t)). 

[0,T] [0,T] 



Proof. Applying the differential operator d t d on Ql . 1 3a| ) and taking the L (CI) -inner prod- 
uct with d 2m d r v\ we have, by integration by parts, ( |1.13b| ) and ( |1.13c[ ), that 



/ Po\ d t d v 2 dx + 3 1 +3 2 = 33, 
2dt J a 



where 
Ji:=- 



df m d a\df m d V M~ L dx, 3 2 :=~ a\df m d r z d t lm d V jP $dx, 
,J Jo, " 



la 

r—m— I r , 

I C\_ m \ 7- m - W l d} m v\d} m 7- m Vdx 
i=o Ja 

2/77 T — ITl — 1 / /» 

-l-k m—l -)2m—s„jz\sl}k j—2~\2tn~\ l m i 



(8.1) 



+ L E ECLqUCf ? -^^^'^Tj-^d^^jdx (8.2) 
5=1 1=0 k=o Ja 

2m r—m— I , . 

+ 1 E C^^f^'^'^tr^d^jdx (8.3) 



5=1 k=0 
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r—m I 



+ 52 H Cl-mPl 



a 



-~l-k 2^-™-' -,2m /"t* r 2 ->2m^T'"~' n (' ; 

d Po<9 d t ajd J z d t Lm d V jdx. 



(8.4) 



/=1 yt=0 

By ( ^T8j ) and ([272]), it follows that 
In 



3i=- 



^ r V,, S^d'Wj Pp-HAjA* -AfA^dx 



Q. 

1 J 



+ 



2 

1 J 

2 J? 7f2 
By ID , we have 



1 jf df m d r V,, Vj Po^ [-T 1 (A/A* - A?A£ )]J* 

V n d? m d r ~ m T] | 2 - Idiv^ d 2m d r ~ m r\ 1 2 - (curl,, ,9 2w a r "' n T] | 2 j Po 2 /" 1 ^ 



(8.5) 



(8.6) 



2J 2 =2 y A{d 2m d xf A d 2m d v\ jP lj- l Aldx 
=j t l^\diy n Dj m d r ~ m 7 1 \ 2 pij- 1 dx + (Q 



(8.7) 



(8.8) 



Thus, we get 
1 J 



o |V„D?"a " T J | 2 + |div I ,flf a " n\ 2 -\cm\ n D lm d " 77 1 2 Po^ 1 ^ 

2dt JQ.L J 

+(PD+0+0+Q). 

Now, we analyze the integration with respect to time of the remainder integrals (|8.1|)-(|87%D 
and J4. 

By the higher order Hardy inequality, the Holder inequality, we have 

|2 n ^ n 1/2 I, "5"' 



^Crllpoll^Jpoll^^supllpo^^VrjIlollPo 1 / 2 ^^^^ 
^M + 8 sup 1 1 P(J 11 d 2m d r ~ m v \\l + CTP(supE r (t)). 

[0,r] [0,r] 



As a similar arguments as for the remainder integrals in Section |£], we can get the integrations 
over [0, T] of ©-© can be bounded by 

M + 8 sup E r (t)+ C77>( sup E r (t) ) . 
[oj] [o,r] 

Therefore, we can get the desired estimates by similar arguments as in Sections || and (7|. 
Finally, we show the boundary estimates. By Lemma [274], d2~3|), the fundamental theorem of 
calculus, Holder's inequality and curl estimates, we obtain 

|#"r"V £ 1/2 < \\d r ~ m d 2m ri\\ 2 + Ilcurlef^-^TJII 2 

<||po^r~ W T] || 2 + ||poV^r~ w r] || 2 + ||curl df m d r - m '\ || 2 
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<l 



\\ P0 d? m d- "TJ(0)||§ + 



po / d 2m d' "\dt 



<Mo + ||po||^(n)^sup||p 1/2 ^/-"' v ||^ + || po v^^ '>||^ + ||curl^ 

[o,r] 

^M + 8 sup (E r (t) + CTP( sup (E r (t)). 

[0,T] [0,T] 

Thus, we complete the proof. 

9. The elliptic-type estimates for the normal derivatives 



+ ||poV^/- m 77 ||2 + || curl(9 2^ 



r—m—1 



-=rr—m—l 



□ 



Our energy estimates provide a priori control of horizontal and time derivatives of rj; it 
remains to gain a priori control of the normal derivatives of 77. This is accomplished via a 
bootstrapping procedure relying on the fact dfv(t) is bounded in L 2 (f2). 

Proposition 9.1. For t G [0, T], it holds that 



sup 

[0,71 



\\d?v(t)\\l+\\Pod*J 



8 7-2 



< M + 8 sup £ (?) + C77>( sup £ (0 ) • 

[o,r] [o,r| 



Proof. From Ql . 13a| ), we have for /3 = 1 , 2 



Pofl-7 2 , 3 +2a3po 3 y 2 = - v i t -p afj 2 p-2afpopJ 2 . 



(9.1) 



Acting <9 f 8 on (pTlj), we get 

p fl^ f 8 7- 2 ,3+2^Po. 3 ^ 2 



«9,V - Po4 8 (af ^ 2 ,/3 ) - 2p , /3 df{ap- 2 ) 



-a 8 a?[po/- 2 3 +2p 03 7- 2 ] - £c|^ 8 - z fl?a/[por 2 ,3 +2p , 3 ^ 2 ]. 

Z=l 

By (|2~31), the fundamental theorem of calculus and Holder's inequality, we have 
\\d?v(t)\\ 2 ^C j^p 2 {\d?v\ 2 + \Vd?v\ 2 )dx 



dx + C\\p Vd^vU 



[ po 2 f d} Q vdt' + d?v{0) 
Jo. Jo 

m [ Po 2 f \d t W v\ 2 dt' + C f pZ\d?v(0)\ 2 dx + C\\p d?Vv\\l 
Jo. Jo Jo. 



^Cr 2 ||p >0 ||z.~(^) sup ||p» 1/2 ^ 10 ^ll§ IIP > o|li^ c ^||^ 9 ^(0)||§- r -C7||p > o^ 9 W||§ 



By the fundamental inequality of algebra, the fundamental theorem of calculus, the Holder 
inequality and the Sobolev embedding theorems, we see that 

4 



||Po<? f 8 (a?y- 2 !/3 )|| 2 ^ \\ P odf- 2l 4 dfr 2 $ 1| 2 

;=o 

+ C£ M 9 - 2/ af ( fd 2l J- 2 ^dt' + d 2l J- 2 ^ (0) 

1=1 V^O 



4 

I 

[0,t] 1=0 



<Mo + a 2 su P £||p a 2/ /- 2 ||i_ z P(|P f 8 - 2 'T]|| m) 



2 


7«ll4> II 'It 114 
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Similarly, we also have, that 

ll^poZ-^II^Mo+c^supiipo/- 2 !!^!!^!!!,... ,||%|| 4 ,IM|4,IN| 5 ), 

and 

t-2m|2 



[0,f] 



llPo,^?^ 2 )^ 



^M + Ct : 



Po 



sup£||p ^7- 2 ||L J P(||<? f 8 - 2Z r 7 || /+1 . 

L~(£2) [0,t] 1=0 



7« 4, VtU 



By the fundamental theorem of calculus, we get 

||^Vpo ; 3/- 2 ||^Mo+a 2 ||po ; 3||ioo (n) 

supPdi^ii!,...,!!^- 2 ^!!^ 

[0,f] 



«4, 1^(4 



0- 



Similarly, it follows that 

£ ^- / a^/[p 7- 2 3 +2po i3 7- 2 ] 



^Mo + a 2 sup£||p ^7- 2 || 2 _ / P(||^ 2/ T 7 || 2 +1 ,...,||T 7 ^|4j|r 7 Hl4j|r 7 ||^ 

[0,t] 1=0 

+a 2 ||po i3 |li~ (n) supP(||^ 



■ 2 "~ 112 «- 1 ,...,ll^l I ll z+1 ,. 



7« 4, ^ 4 



Thus, we have obtained, for all t G [0, T], that 



I p a • <9 8 /~ 2 3 + 2a] po 3 d 8 /~ 2 1 1 2 < M + 8 sup E (t ) + C77>( sup E (t) ) . 

[o,n [o,t] 



It follows that 



||P0« 3 ^ 2 ,3 ||o + 4||« 3 p03^ 2 Ho 

^M + 8 sup E (t) + CT P (sup E(t))- A [ popo 3 \cc:\ 2 dfr 2 3 d?r 2 dx. 

[o,r] [o,r] ^ 

By Holder's inequality and the fundamental theorem of calculus, we get 

-A I pop03\a 3 \ 2 dfr 2 ^dfr 2 dx 
^Mo + 5||po^ 8 7- 2 3||g + 5||po3^ 8 7- 2 ||^ + OT(sup£(0), 

[o,n 

and then, by the fundamental theorem of calculus once again, 

||po^ 2 . 3 Ho + IlPo 3 dfr 2 \\l < Mo + 8 supE(t) + CTP(supE(t)). 

[0,T] [0,T] 

By integration by parts with respect to X3, the Holder inequality and noticing that po = on T\, 
it holds 

||po#r 2 (f)||5 = / dw{fX$r 2 ?dx 
Jo. 

= - 2 J^podfr 2 (po i dfr 2 + Pod*J~ 2 3 )dx 
^2\\p d?J- 2 (t) ||o [||po,3 d^J- 2 \\o + WPodfr 2 ^ Ho] , 
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which implies that 

\\ Po dfj- 2 (t)\\l ^8[||po^ f 8 7- 2 ||^+ ||po^- 2 , 3 1|( 

<M + 5 sup £(*)+CTP( sup £(*)). (9.2) 

[o,r] [o,r] 



Since we can get, by Proposition p7\\ that 

1 1 poddfr 2 1 1 J < M + 5 sup E {t) + C77>( sup £ (?) ) , 

[o,r] [o,r] 

we have 

|| p Q dfr 2 1| 2 ^ M + 8 sup £ (f ) + CTP( sup £ (t) ) . 

[o,r] [o,r] 



It follows from (^5J) and fl9J) that 

ll^ 8 ^ 2 Ho ^C||po^ 8 /" 2 ||o + C||p V ( 9 r 8 7- 2 ||g ^ M + 5 sup^(0 +CrP(sup£(f))- 

[0,T] [0,T] 

Due to fll . 1 1| ), we see that 

dfr 2 =-2d]{r 2 A{v\ j ) = -U- 2 A\dlv\j -2d]{r 2 A\)v\ 3 -2£C$(/- 2 a/)#-Vj, 

1=1 

namely, in view of the fundamental theorem of calculus, 

&yd]v = -\dfr 2 -dlv i , j f (J- 2 Aj) t dt' -d?(J- 2 Ai)Sj -t<fo l V~ 2 A{)d!-Vj. 
L J0 i=i 

We can easily estimate last three terms by using the fundamental theorem of calculus and the 
Holder inequality. Thus, we obtain 

1 1 div d] v 1 1 M + 8 sup E (t) + CTP( sup E (t) ) . 

[o,r] [o,r] 

According to Proposition pTT] , we have 

1 1 curl d] v 1 1 § ^ M + CTP( sup E (t) ) . 

[0,7] 

With the boundary estimates on d]v a or dfr\ a given by Proposition |8TTj , we obtain, from 
Lemma [23], that 

1 1 d]v 1 1 \ < M + 5 sup £ (f ) + C77>( sup £ (?) ) . 

[o.r] [o,r] 

Thus, we complete the proof. □ 

Having a good bound for d]v{t) in H 1 (Q.), we proceed with the bootstrapping. 
Proposition 9.2. For t G [0, T], it holds that 



sup 

[0,71 



ll^v(0lli+IIPD#r 2 (0lli ^M Q + 8supE(t)+CTP(sxxpE(t)). 

J [o,r] [o,r] 



Proof. Applying the differential operator df on (|9.1|), we have 
PQa]dfr 2 ^+2a]p Q ^dfr 2 
= -dJv i -p d^afj- 2 > p)-2p Q) pd^afj- 2 )-d^ [ Pq J~ 2 , 3 + 2p y- 2 ] 

- ZC&t'ap! [p J- 2 3 +2p 0;3 J- 2 ] . (9.3) 
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We first estimate horizontal derivatives of po 3 dfj~ 2 (t) in L 2 (Q.) to consider for a = 1, 2, 
Poa]d?J- 2 3 a +2a}p Q3 dfj- 2 a 

- d]V - p Q df{ap- 2 fi ) - 2po jfl df{ap- 2 ) - dfa] [p Q r 2 , 3 + 2p 0i3 7~ 2 ] 



r-2i 



pQ„a]dfj 2 , 3 -poaf d t b J 2 , 3 



6 7-2 



/=l 

- 2po, 3 a afo 6 /" 2 - 2a? a p 0i3 d, 6 /- 2 . 

Now, we estimate the L 2 (Q.) norms of the right hand side. From Proposition pTTj we know 
that 



(9.4) 



||#dv||g ^ ||<9/v|| 2 ^M + 8supE(t)+CTP(supE(t)). 



[0,71 



[o,n 



Since 



Po^^f/- 2 ,^) 



<l 



:||po, a 4 6 (af7- 2 i/ 3)|| 2 + ||po^ 6 (af7- 2 , / 3) ce || 2 

<||Po, a ^(/^AfA^^) || 2 + 1^0^(7-^77^) J 2 , 
we consider the last term involving the highest order derivatives 

For the highest order derivatives term, by the fundamental theorem of calculus, Sobolev's em- 
bedding theorem and Proposition PTTj , we have for T > small enough that 



\\p,J-^A l k dS k m Ho <IIPodiv^ Z T7||i+||Po / d t {J-^A l k )dt'dfd n \^ 



r-i 4^ Ah At'; 



^M + 8supE(t)+CTP(supE(t)) 

[0,T] [0,T] 

+ Cr 2 J P(sup||T ] || 5 )||v|| 2 ||poV4 6 ( 9 2 7 ] || 2 

[0,r] 

^M + 8 sup £ (f ) + C7T( sup £ (t) ) . 

[o,r] [o,r] 

For the lower order derivatives terms, we use a similar argument to get the bound. Thus, we can 
get 

2 

^ M + 8 sup E (t ) + CTP( sup E (t) ) . 

o [o,r] [o,r] 

We can deal with the remainder terms in the right hand side of ( |9.4| ) by the same argument to 
get the bound in L 2 (Q) and thus we have 

2 

p Q a]dfr 2 ^ a +2a]p 03 d^J- 2 a ^M + 8supE(t)+CTP(supE(t)). 

[o,r] [o,r] 

It follows that 

\\p Q a]d?J- 2 i a \\ 2 + A\\a]p Q jd?J- 2 J 2 

^M + 8supE(t)+CTP(s\xpE(t))-4 [ p p 3 \a 3 \ Z d t 6 J~ 2 >3a d?J~ 2 a dx. 
[o,t] rn.n Jsi 



p ^ 6 (af/- 2 )j8 ) 



[0,T] 
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By Holder's inequality and the fundamental theorem of calculus, we get 

-4 I p2 2 - 3 p j\a 3 \ 2 d?J- 2 !3a d?J- 2 a dx 
^ + 8\\p Q dfr 2 ^J 2 + 8\\p Q ^J- 2 J 2 + CTP(supE(t)) 1 

[0,T] 

and then, by the fundamental theorem of calculus once again, 

||po^ 6 /- 2 , 3 « ||o+ IIPo, 3 ^ 2 a Mo < M o + S sapE(t) + CT P (sup E(t)). 
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[0,21 



[0,T] 



Similar to <pJ\), we get 

||po^ 2 ,«|lo <M + S sup£(f) + CTP(sapE(t)). 



[0,T] 



[0,71 



From Proposition IO, we can obtain that 



lipoid J-%^M + Ss\ipE(t)+CTP(supE(t)). 

[0,T] [0,T] 



Thus, we have 



\\P^fj-\ J? <\\P0$J- 2 , alio + 



Po 



llPo^.allo 



L°°(f2) 

+ IIPo,3^ 2 ,allo + IIPoV<9 f 6 7- 2 ^|| 2 

^M + 8 sup E (t ) + CTP( sup E (f ) ) , 

[o,r] [o,r] 



and by using the inequality (p3|), 

ll^ _2 ,a No <IIPo^ 2 , a No + IIPoVa f 6 J- 2 )Ct ||g < M + 8 mpE(t) + CTP(mpE(t)). 

[0,T] [0,T] 

Due to ( ]1 . 1 1| ), we see that 

dfr 2 _ a =-2df(j- 2 Mv\ ] ) a 

= -2J- 2 A{d?v\ ja -2(/" 2 A/) _^Vj -2^ 5 (J- 2 A/) ia v ! J - 



2^(7- 2 A/)v' ja -2£c^[^(7- 2 A/)ai 5 - 



V 



/=l 



namely, in view of the fundamental theorem of calculus, 



-d?(J- 2 A^^,-d?(J- 2 A^V, ]a -^C^l(J- 2 M)dt U 



,Jl,a- 



1=1 



We can easily estimate last three terms by using the fundamental theorem of calculus and the 
Holder inequality. Thus, we obtain 

l|div<9 f 5 v a 1 1 < M o + 5 sap E(t) + CTP(supE(t)). 



[o,r] 



0,71 



According to Proposition p.l| , we have 

||curl^<9 f 5 v||g sC ||curl<9 f 5 v|| 2 ^ M + CTP (sap E(t)). 

[0,T] 
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With the boundary estimates on d^dv^ given by Proposition |Q1 , we obtain, from Lemma [2~31 , 
that 

\\ d ? v a 111 < M + 8 sup E(t) + CTP(supE(t)). 

[0,T] [0,T] 

Thus, we have proved for a = 1 , 2 

supkd^v a (t)\\ 2 l + \\ Po dl > J- 2 a (t)\\]\ ^M + 8supE(t)+CTP(supE(t)). (9.5) 

[0,T] J [o,r] [0,T] 

We next differentiate ( |9.3[ ) in the vertical direction x 3 to obtain 

p Q a]dfj- 2 ^+3p Q ^a]dfj- 2 3 

" -«9 ? V-po^ 6 (af7- 2 !/3 )-2po,^ f 6 (af7- 2 )- ( 9 f 6 a3 [p()7 -2 )3 + 2 p 0i3 /- 2 ] 

-£c^a?d/[p .r 2 ,3 +2po, 3 ^ 2 ]l , P^AJ 2 ,3 

1=1 ' 3 

- 2p , 33 a]dfr 2 - 2a? >3 po, 3 d/lr 2 . (9.6) 

Propositions |9J] and |8J] together with the inequality ( |9.5t ) show that the right hand side of ( |9T6| ) 
is bounded inL 2 (^) by Mo + 5supr r i £(f) + CTP(sup^ r i E(t)). It follows that 

poa]dfr 2 33 + 3po 3 a]dfr 2 3 2 ^ M + 5 sup£(f) + C7T(sup£(»). 

' [o,r] [o,r] 

Thus, by the Holder inequality and the fundamental theorem of calculus, we get 

||Po^^ 2 ,33|| 2 + 9||po !3 ^^ 2 ,3llo 

^Mq + 8 supE(t) +CTP(supE(t)) - 6 / p Q p Q3 \a 3 \ 2 dfr 2 3 dfr 2 33 dx 
[o,r] [o,t] Ja 

^M + 8supE(t)+CTP(supE(t)) + 8\\p d!>J- 2 , 33 \\ 2 + 8\\po 3 d?J- 2 3 \\l 

[0,T] [0,T] 

and then, by the fundamental theorem of calculus once again, 

||po^ 2 .33 ||o+ IlPo 3 dfr 2 3 ||§ < M + 8 supE(t) +OT(sup(0). 

[0,T] [0,T] 

Similar to (|9.2|), we get, by integration by parts and Cauchy's inequality, that 

iipo4 6 /- 2 , 3 || 2 =/ p 2 (d!>j- 2 , 3 ) 2 dx 

Jo. 

= - 2^X3 [P0P03 (d"j- 2 ,3 f + P 2 ^ 2 ,3 ^" 2 ,33 ]dx 
^2||p <9 f 6 7- 2 ,3 ||0||P0,3^ 2 ,3 ||0 + 2||P0^ 2 ,3 ||0||P0^ 2 ,33 ||o, 

which implies, by eliminating one \\pod t 4 J~ 2 ^ 3 ||o from both sides and using the Cauchy inequal- 
ity, that 

||po^ 2 .3 llo ^8 (||p <9 f 6 7- 2 ,33 Ho+ IlPo 3 dfr 2 3 ^ M + 8 supE(f) +CTP(supE(t)). 

v ' J W\ [o,r] 

Then, by ( |9~3| ) and (|2.5|), we can obtain 

1 1 p Q dfr 2 1 1 \ + 1 1 dfr 2 1 1 \ < M + 8 sup E (t) + CTP( sup E (t) ) . 

[0,T] [o,r| 
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Thus, we can infer that 

||divd f 5 v(V)|| 2 < M + 5 supE(f) +CTP( sup E(t)). 

[o,r] [o,r] 

According to Proposition jO] , we have 

||curld f 5 v|| 2 ^M + CTP(supE(t)). 

[0,T] 

With the boundary estimates on <9 f 5 v^ given by Proposition |87fl , we obtain, from Lemma 
that 

||<9 f 5 v||^M + 5sup£(0+Cri J (sup£(0). 

[o,r] [o,r] 

This completes the proof. □ 

We also have the following propositions. 
Proposition 9.3. For t G [0, T], it holds that 



sup 

[0,1] 



Hvm(0ll3 + IIP0#r 2 (0ll3 ^M + 8 sup E(t)+CTP(supE(t)). 

J [0,T] [0,1] 



Proof. Applying df on (PTTj), we have 

pool df J' 2 $ +2alp 0)3 d?J- 2 
= - dfV - p d?(a?J- 2 ^ ) - 2 Po . /3 d?(a?J- 2 ) 

3 

- d*t$ [p J- 2 3 +2po, 3 ^ 2 ] - £ ^ 4_Z «^/ [po^ 2 ,3 +2po, 3 ^ 2 ] • (9.7) 



The same argument used in the proof of Proposition \).2\ yields the desired results. □ 
Proposition 9.4. For t e [0, T], it holds that 



sup 

[0,r] 



||v,(0ll4+ IIPo^" 2 (Oll4 < M o + 8 sup E(t) + CTP(supE(t)). 

J [o,r] [o,r] 



Proof. Applying <9 2 on (pTj), we have 

p a]d 2 r 2 )3 +2a 3 i p 0i3 d 2 J- 2 
= - dfv 1 - p d 2 (a^J- 2 ^ ) - 2p 0)/3 ^ 2 (af 7- 2 ) 
- dfa] [p J- 2 ,3 + 2p 0j3 r 2 ] - 2d t a]d t [p J~ 2 ,3 + 2p , 3 J~ 2 ] ■ (9-8) 
The same argument used in the proof of Proposition p.2| yields the desired results. □ 
Proposition 9.5. For t 6 [0, T], it holds that 

sup [iWOIli+IIPo-^WIlil ^M + 5sup£(0+CrP(sup£(0). 

[0,r] L J [0,71 [0,r] 

Proof. We use directly the identity (^Tj), i.e., 

p Q a]r 2 ^ +2a]p 3 J- 2 = -v\ - p a? r 2 $ - 2af p 0j3 / 2 . 
The same argument used in the proof of Proposition p.2| implies the desired results. □ 
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10. The a priori bound 

Combining the inequalities provided by energy estimates, the additional elliptic estimates 
and the curl estimates shows that 

sup E(t) ^ M + CT P (sup E(t)). 

[0,T] [0,T] 

According to the polynomial-type inequality d23|), by taking T > sufficiently small, we obtain 
the a priori bound 

sup E(t) < 2M . 

[0,T] 

Therefore, we complete the proof of the main theorem. 

Acknowledgement. The author would like to thank Prof. T. Luo for his valuable comments 
and helpful discussions. 
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